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Chapter One
Viscous Flow in Ducts

1.1. TURBULENT FLOW IN PIPES

Most flows encountered in engineering practice are turbulent, and thus it is
important to understand how turbulence affects wall shear stress. However,
turbulent flow is a complex mechanism dominated by fluctuations, and despite
tremendous amounts of work done in this area by researchers, the theory of
turbulent flow remains largely undeveloped. Therefore, we must rely on
experiments and the empirical or semi-empirical correlations developed for various
situations.

Turbulent flow is characterized by random and a rapid fluctuation of swirling
regions of fluid, called eddies, throughout the flow. These fluctuations provide an
additional mechanism for momentum and energy transfer. In laminar flow, fluid
particles flow in an orderly manner along pathlines, and momentum and energy are
transferred across streamlines by molecular diffusion. In turbulent flow, the
swirling eddies transport mass, momentum, and energy to other regions of flow
much more rapidly than molecular diffusion, greatly enhancing mass, momentum,
and heat transfer. As a result, turbulent flow is associated with much higher values
of friction, heat transfer, and mass transfer coefficients (see Figure 1.1).

Figure 1.1: The intense mixing in
turbulent flow brings fluid particles at
different momentums into close contact
and thus enhances momentum transfer.

(a) Before (b) After
turbulence turbulence
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Even when the average flow is steady, the eddy motion in turbulent flow causes
significant fluctuations in the values of velocity, temperature, pressure, and even
density (in compressible flow). Figure 1.2 shows the variation of the instantaneous
velocity component u with time at a specified location, as can be measured with a
hot-wire anemometer probe or other sensitive device. We observe that the
instantaneous values of the velocity fluctuate about an average value, which
suggests that the velocity can be expressed as the sum of an average value # and a
fluctuating component u’,

u=u+u 1.1

u=u+u

Figure 1.2: Fluctuations of the velocity component v with time at a specified location in
turbulent flow.

1.2. Turbulent Shear Stress

It is convenient to think of the turbulent shear stress as consisting of two parts: the

laminar component, which accounts for the friction between layers in the flow
direction (expressed as Ty, = —u%), and the turbulent component, which

accounts for the friction between the fluctuating fluid particles and the fluid body



Viscous Flow in Ducts Chapter: One

(denoted as t.,,5) and is related to the fluctuation components of velocity). Then
the total shear stress in turbulent flow can be expressed as

Ttotal = Tlam t Tturb  eeeee 1.2

The typical average velocity profile and relative magnitudes of laminar and
turbulent components of shear stress for turbulent flow in a pipe are given in

Figure 3.1.

\'

- O : -
“lam “turb
Figure 1.3: The velocity profile and the variation of shear stress with radial distance for
turbulent flow in a pipe.

In many of the simpler turbulence models, turbulent shear stress is expressed in an
analogous manner as suggested by the French mathematician Joseph Boussinesq
(1842-1929) in 1877 as

— du _ du
Tturp = _.utg or Tturb = —,llta ...... 1.3

where g is the eddy viscosity or turbulent viscosity, which accounts for momentum
transport by turbulent eddies. Then the total shear stress can be expressed
conveniently as

du du

du
Ttotal = Tiam T Tturb = .UE + Ut E = (u+ u) E ...... 1.4

du
Trotar = P(V + V¢) o e 1.5
where v, = ”t/p Is the kinematic eddy viscosity or kinematic turbulent viscosity

(also called the eddy diffusivity of momentum). The concept of eddy viscosity is
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very appealing, but it is of no practical use unless its value can be determined. In
other words, eddy viscosity must be modeled as a function of the average flow
variables; we call this eddy viscosity closure. For example, in the early 1900s, the
German engineer L. Prandtl introduced the concept of mixing length (l.,), which is
related to the average size of the eddies that are primarily responsible for mixing,

and expressed the turbulent shear stress as

diu am\ 2
Tturb - _Mta - plmz (E) ......... 16

1.3. Turbulent Velocity Profile

Unlike laminar flow, the expressions for the velocity profile in a turbulent flow are
based on both analysis and measurements, and thus they are semi-empirical in
nature with constants determined from experimental data. Consider fully-
developed turbulent flow in a pipe, and let u denote the time-averaged velocity in
the axial direction.

Typical velocity profiles for fully developed laminar and turbulent flows are given
in Figure 1.4. Note that the velocity profile is parabolic in laminar flow but is much
fuller in turbulent flow, with a sharp drop near the pipe wall. Turbulent flow along
a wall can be considered to consist of four regions, characterized by the distance
from the wall. The very thin layer next to the wall where viscous effects are
dominant is the viscous (or laminar or linear or wall) sublayer. The velocity
profile in this layer is very nearly linear, and the flow is streamlined. Next to the
viscous sublayer is the buffer layer, in which turbulent effects are becoming
significant, but the flow is still dominated by viscous effects. Above the buffer
layer is the overlap (or transition) layer, also called the inertial sublayer, in which

the turbulent effects are much more significant, but still not dominant. Above that
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Is the outer (or turbulent) layer in the remaining part of the flow in which
turbulent effects dominate over molecular diffusion (viscous) effects.

Vavq I

’ J
, "-J
=
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\
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\
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Turbulent layer
J

[ Overlap layer
= p 1ay

_ Buffer layer

Turbulent flow Viscous sublayer

Figure 1.4: The velocity profile in fully developed pipe flow is parabolic in laminar
flow, but much fuller in turbulent flow.

Then the velocity gradient in the viscous sublayer remains nearly constant at
du/dy= uly, and the wall shear stress can be expressed as

u u T™w w4 1.7
mTpyTey O =y
where y is the distance from the wall (note that y= R - r for a circular pipe). The
quantity t./p is frequently encountered in the analysis of turbulent velocity
profiles. The square root of t,/p has the dimensions of velocity, and thus it is

convenient to view it as a fictitious velocity called the friction velocity expressed
as u* = ,Tw/p. Substituting this into Eq. 1.7, the velocity profile in the viscous

sublayer can be expressed in dimensionless form as

Viscous sublayer: LA

u* v
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This equation is known as the law of the wall, and it is found to satisfactorily
correlate with experimental data for smooth surfaces for 0 < % <5. Therefore, the
thickness of the viscous sublayer is roughly

Sv 25v
6sublayer o

Thickness of viscous sublayer: y =
L

where u, is the flow velocity at the edge of the viscous sublayer, which is closely
related to the average velocity in a pipe. The quantity ul has dimensions of length
and is called the viscous length; it is used to nondimensionalize the distance y from

the surface. In boundary layer analysis, it is convenient to work with

nondimensionalized distance and nondimensionalized velocity defined as

v L+

- T - : . Yyus . ou
Nondimensionalized variables: y* = and ut =

Note that the friction velocity u* is used to nondimensionalize both y and u, and y*
resembles the Reynolds number expression.

Dimensional analysis indicates and the experiments confirm that the velocity in the
overlap layer is proportional to the logarithm of distance, and the velocity profile

can be expressed as

I u 1, yu.
The logarithmic law: =—1In +B ... 1.8

U. K 4
where k and B are constants whose values are determined experimentally to be
about 0.40 and 5.0, respectively. Equation 1.8 is known as the logarithmic law.

Substituting the values of the constants, the velocity profile is determined to be

yu.

vV

u
Overlap layer: 7~ = 2.51n

+50 or u"=25Iny* +50
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A good approximation for the outer turbulent layer of pipe flow can be obtained by
evaluating the constant B in Eqg. 1.8 from the requirement that maximum velocity
in a pipe occurs at the centerline where r= 0. Solving for B from Eq. 1.8 by setting
y =R & r =R and u = uma, and substituting it back into Eq. 1.8 together with k =
0.4 gives

Upax — U R
Outer turbulent layer:  — — = 2.51n Rt

The deviation of velocity from the centerline value un. - U is called the velocity

defect, and the above equation is called the velocity defect law.

1.4. The Moody Chart

The friction factor in fully developed turbulent pipe flow depends on the Reynolds
number and the relative roughness (¢/D), which is the ratio of the mean height of
roughness of the pipe, to the pipe diameter. The functional form of this dependence
cannot be obtained from a theoretical analysis, and all available results are
obtained from painstaking experiments using artificially roughened surfaces
(usually by gluing sand grains of a known size on the inner surfaces of the pipes).
Most such experiments were conducted by Prandtl’s student J. Nikuradse in 1933,
followed by the works of others. The friction factor was calculated from the
measurements of the flow rate and the pressure drop.

The experimental results obtained are presented in tabular, graphical, and
functional forms obtained by curve-fitting experimental data. In 1939, Cyril F.
Colebrook (1910-1997) combined the available data for transition and turbulent
flow in smooth as well as rough pipes into the following implicit relation known as

the Colebrook equation:

o 506 (s;/D " 2.517 >
Turbulent flow: \ = U109 37 | ReV/E ....1.9

-1
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We note that the logarithm in Eq. 1.9 is a base 10 rather than a natural logarithm.
In 1942, the American engineer Hunter Rouse (1906-1996) verified Colebrook’s

equation and produced a graphical plot of f as a function of Re and the product

Re\/f. He also presented the laminar flow relation and a table of commercial pipe
roughness. Two years later, Lewis F. Moody (1880-1953) redrew Rouse’s diagram
into the form commonly used today. The now famous Moody chart is given in the
appendix as Figure 1.5. It presents the Darcy friction factor for pipe flow as a
function of the Reynolds number and &/D over a wide range. It is probably one of
the most widely accepted and used charts in engineering. Although it is developed
for circular pipes, it can also be used for noncircular pipes by replacing the
diameter by the hydraulic diameter. An approximate explicit relation for f was

given by S. E. Haaland in 1983 as

ey [6.9 A <s/D>1-”]
\/f_ ' g Re 3.7 ........ 1.10

The results obtained from this relation are within 2% of those obtained from the

Colebrook equation. Equivalent roughness values for some commercial pipes are

given in Table 1.1 as well as on the Moody chart.
Roughness, &

Material ft mm
Glass, plastic O (smooth)
Concrete 0.003-0.03 0.9-9
Wood stave 0.0016 0.5
Rubber,

smoothed 0.000033 0.01
Copper or

brass tubing 0.000005 0.0015

Table 1.1: Equivalent roughness values Cast ien 0.0008> 0286
for new commercial pipes. G_alvamzed
iron 0.0005 0.15

Wrought iron  0.00015 0.046
Stainless steel 0.000007 0.002
Commercial

steel 0.00015 0.045
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We make the following observations from the Moody chart:

v

v

For laminar flow, the friction factor decreases with increasing Reynolds
number, and it is independent of surface roughness.

The friction factor is a minimum for a smooth pipe (but still not zero
because of the no-slip condition) and increases with roughness. The
Colebrook equation in this case (¢ = 0) reduces to the Prandtl equation
expressed as 1/\/f = 2.0 log(ReVf) — 0.8

The transition region from the laminar to turbulent regime (2300 < Re <
4000) is indicated by the shaded area in the Moody chart. The flow in this
region may be laminar or turbulent, depending on flow disturbances, or it
may alternate between laminar and turbulent, and thus the friction factor
may also alternate between the values for laminar and turbulent flow. The
data in this range are the least reliable. At small relative roughnesses, the
friction factor increases in the transition region and approaches the value for
smooth pipes.

At very large Reynolds numbers (to the right of the dashed line on the chart)
the friction factor curves corresponding to specified relative roughness
curves are nearly horizontal, and thus the friction factors are independent of
the Reynolds number. The flow in that region is called fully rough turbulent
flow or just fully rough flow because the thickness of the viscous sublayer
decreases with increasing Reynolds number, and it becomes so thin that it is
negligibly small compared to the surface roughness height. The viscous
effects in this case are produced in the main flow primarily by the protruding
roughness elements, and the contribution of the laminar sublayer is
negligible. The Colebrook equation in the fully rough zone (Re — )

reduces to the von Karméan equation expressed as which is explicit in f.
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Figure 1.5: The Moody chart for the friction factor for fully developed flow.

0.1 REp
Laminar ~<_  Fully rough turbulent flow (f levels off)
< HH e/D = 0.01
s /% e /D = 0.001

Transitional ~~< &/D =0.0001
0.01 DA

Smooth turbulent

0.001
103 104 105 106 107 108

Re

¥

E _p.oono0s

Figure 1.6: At very large Reynolds numbers, {he friction factor curves on the Moody chart are
nearly horizontal, and thus the friction factors are independent of the Reynolds number.
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1.5. Types of Fluid Flow Problems

In the design and analysis of piping systems that involve the use of the Moody
chart (or the Colebrook equation), we usually encounter three types of problems
(the fluid and the roughness of the pipe are assumed to be specified in all cases).

1. Determining the pressure drop (or head loss) when the pipe length and
diameter are given for a specified flow rate (or velocity)

2. Determining the flow rate when the pipe length and diameter are given for a
specified pressure drop (or head loss)

3. Determining the pipe diameter when the pipe length and flow rate are given for
a specified pressure drop (or head loss)

Problems of the first type are straightforward and can be solved directly by using

the Moody chart. Problems of the second type and third type are commonly
encountered in engineering design (in the selection of pipe diameter, for example,
that minimizes the sum of the construction and pumping costs), but the use of the
Moody chart with such problems requires an iterative approach unless an equation
solver is used.

In problems of the second type, the diameter is given but the flow rate is unknown.
A good guess for the friction factor in that case is obtained from the completely
turbulent flow region for the given roughness. This is true for large Reynolds
numbers, which is often the case in practice. Once the flow rate is obtained, the
friction factor can be corrected using the Moody chart or the Colebrook equation,
and the process is repeated until the solution converges. (Typically only a few
iterations are required for convergence to three or four digits of precision.)

In problems of the third type, the diameter is not known and thus the Reynolds
number and the relative roughness cannot be calculated. Therefore, we start
calculations by assuming a pipe diameter. The pressure drop calculated for the
assumed diameter is then compared to the specified pressure drop, and calculations

are repeated with another pipe diameter in an iterative fashion until convergence.

12
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To avoid tedious iterations in head loss, flow rate, and diameter calculations,

Swamee and Jain proposed the following explicit relations in 1976 that are

accurate to Within 2% of the Moody chart:

e (:D)”"l 10 %< e/D <1072
¢ gD° D v/ 1f  3000<Re<3X108
. C Dsh 0.5 [ e 3 17 ,ZL\ 0.57]
W = —().9(55(J L) In{- + < ) Re > 2000
T 13.7D gD |
|- . LV: 4.7 L 270.04 10 8 < /D
D= ().66281"?(—) + vV '4(—) } -8
L \gh,, gh 5000 < Re < 3 X 108
Examples:
Example 1:

Water (p= 62.36 Ibm/ft* and p= 7.536x10™ Ibm/ft-s) is flowing steadily in a 2 in
diameter horizontal pipe made of stainless steel at a rate of 0.2 ft*/s (see Figure
below). Determine the pressure drop, the head loss, and the required pumping

power input for flow over a 200 ft long section of the pipe.

Solution: We recognize this as a problem of 7

the first type, since flow rate, pipe length, and _ Oﬁaftt:rls TI— )
pipe diameter are known. First we calculate |

the average velocity and the Reynolds number | 200 ft——

to determine the flow regime:

v v 0.2 ft¥/s
Ve o _ — 917 ft/
A.  7D¥4  m(212 Y4 :

pVD  (62.36 Ibm/ft®)(9.17 ft/s)(2/12 ft)

Re = = = 126,400
Iz 7.536 X 10~ * Ibm/ft - s
which is greater than 4000. Therefore, the flow is turbulent. The relative roughness
of the pipe is calculated using Tablel.1. gD = %ﬁ:ﬁ = 0.000042

13
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The friction factor corresponding to this relative roughness and the Reynolds
number can simply be determined from the Moody chart. To avoid any reading
error, we determine f from the Colebrook equation:

1;_ e IOg<s/D N 2.51P> . 1/_ — —2010g <0.000042 L 251 )

Vf 3.7  ReVf VT 3.7 126,400 \/f

Using an equation solver or an iterative scheme, the friction factor is determined to

be f = 0.0174. Then the pressure drop (which is equivalent to pressure loss in this

case), head loss, and the required power input become

L pV? 200 ft (62.36 Ibm/ft®)(9.17 ft/s)z( 1 Ibf )
AP = AP, =f—"——=0.0174
=T 212 ft 2 32.2 Ibm - ft/s?

= 1700 Ibf/ft? = 11.8 psi

AP, VA 200 ft (9.17 ft/s)?
hy =— = f=—— = 00174 = 27.3ft
“ pg D 2g 2112 ft 2(32.2 ft/s?)

Womp = VAP = (0.2 ft3/s)(17OOIbf/ft2)<

0.737 Ibf - ft/s) > 81w

Example 2:

Heated air at 35°C is to be transported in a 150 m long circular plastic duct at a rate
of 0.35 m*/s (see Figure below). If the head loss in the pipe is not to exceed 20 m,
determine the minimum diameter of the duct.

Solution:

The density, dynamic viscosity and kinematic viscosity of air at 35°C are p = 1.145
kg/m?, p=1.895x107° kg/m-s, and v= 1.655x10™° m%s.

the friction factor, and the head loss
relations can be expressed as (D isinm, V. 0.35 m3/s D _»)

air h
Is in m/s, and Re and f are dimensionless)

< 150 m

14
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yoV_ vV _o035mik
A. wD¥4 wD?/4
VD VD
Re = = B xn?
v 1.655 X 10> m</s
; _ ap |og(s/D & 251,_) Lap log( 2.51/_)
Vi 3.7 ReVf Re\V/f
L V2 150 m V?
h = f=—— 200="1
LY Bog D 2(9.81 m/s)

The roughness is approximately zero for a plastic pipe (Table 1.1). Therefore, this
Is a set of four equations in four unknowns, and solving them with an equation
solver such as EES gives

D = 0.267m, f = 0.0180, V = 6.24 m/s, and Re = 100,800
Therefore, the diameter of the duct should be more than 26.7 cm if the head loss is
not to exceed 20 m. Note that Re > 4000, and thus the turbulent flow assumption is
verified.

The diameter can also be determined directly from the third Swamee-Jain formula
to be

o 0_66—81~25(L—V2>4.75+ ;;\'/9-4<L>510.04
L gh, gh,

150 m 5.2770.04
= 0.66(0 + (1.655 X 107°>m?%s)(0.35 m3/s)9"‘( 5 ) ]
I (9.81 m/s)(20 m)

= 0.271m
Example:
Liquid ammonia at -20°C is flowing through a 30 m long section of a 5 mm
diameter copper tube at a rate of 0.15 kg/s. Determine the pressure drop, the head
loss, and the pumping power required to overcome the frictional losses in the tube.

Solution:

15
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The density and dynamic viscosity of liquid ammonia at -20°C are p= 665.1 kg/m®

and p= 2.361 X 10" kg/m.s. The roughness of copper tubing is 1.5 X 10° m.

First we calculate the average velocity and the Reynolds number to determine the

flow regime:
' ' 0.15 kg/s |
R ma = — 27 ——=11.49m/s
pAd. p(D~/4)  (665.1kg/m™)[7(0.005m)" /4]
Re — pVD _ (665.1kg/m™)(11.49 m/s)(0.005 m) _1618x10°

1 2.361x107* kg/m-s
which is greater than Re > 4000. Therefore, the flow is turbulent. The relative

roughness of the pipe is

| 1.5x107°
g/D—-2X" M 3 07
0.005 m

The friction factor can be determined from the Moody chart, but to avoid the

reading error, we determine it from the Colebrook equation using an equation
solver (or an iterative scheme),

. |e/tD 25 [ 3x107" 2.
e B : ~ -2.0log| 2= ' l

\ l I
{ P - mm— '
v/ | 37  Re7 ] v/ (37 1618x10°yf

i ]

2

It gives f = 0.01819. Then the pressure drop, the head loss, and the useful pumping

power required become

=

L pl
AP=AP, = f=£
D 2
30 m (665.lkg1n3)(1L49 nls);{ 1 kKN \( 1kPa
~0.01819 | : ’ _ | =4792 kPa
0.005 m 2 | 1000 kg -m/s* ‘ 1 KN/'m~* )
poAPL_ LV eg 30m (A149ms)? o
1r = = —_——= U Ol =
L pe 7 D2g 0.005m 2(9.81m/s>)
: : e 0.15kg/s)(4792 kPa) | W)
i VAP — mAP  ( 15kg/s)(4792 kPa) 1 k\ _1.08 KW

pump

2 665.1kg/m ! \1kPa-m’/s

16



University of Anbar

College of Engineering km
Mechanical Engineering Dept. J , . l,‘-ﬁ

(OLLEGE OF ENGINEERING

Fluid Mechanics

Handout Lectures for Year Two
Chapter Three/ Fluid Kinematics

Course Tutor

Assist. Prof. Dr. Waleed M. Abed



Fluid Kinematics Chapter: Three

Chapter Three

Fluid Kinematics

1.1 FUNDAMENTALS OF FLOW VISUALIZATION
While quantitative study of fluid dynamics requires advanced mathematics, much
can be learned from flow visualization—the visual examination of flow field
features. Flow visualization is useful not only in physical experiments (Fig. 3-1),
but in numerical solutions as well [computational fluid dynamics (CFD)]. In fact,
the very first thing an engineer using CFD does after obtaining a numerical
solution is simulate some form of flow visualization, so that he or she can see the
“whole picture” rather than merely a list of numbers and quantitative data. Why?
Because the human mind is designed to rapidly process an incredible amount of
visual information; as they say, a picture is worth a thousand words. There are
many types of flow patterns that can be visualized, both physically

(experimentally) and/or computationally.

Figure 3.1: Spinning baseball.

2
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1.2 Streamlines

A streamline is a curve that is everywhere tangent to the instantaneous local
velocity vector.

Streamlines are useful as indicators of the instantaneous direction of fluid motion
throughout the flow field. For example, regions of recirculating flow and
separation of a fluid off of a solid wall are easily identified by the streamline
pattern. Streamlines cannot be directly observed experimentally except in steady
flow fields, in which they are coincident with pathlines and streaklines, to be
discussed next. Mathematically, however, we can write a simple expression for a

streamline based on its definition.
Consider an infinitesimal arc length d7 = dx? + dyj + dzk along streamline; d7

must be parallel to the local velocity vector V=ul+ vj + wk by definition of
the streamline. By simple geometric arguments using similar triangles, we know

that the components of d7 must be proportional to those of Vv (Fig. 3-2). Hence,

Equation for a Streamline:

ar ar ar ar
|74 u v w
Point (x + dx,y +dy) V
Streamline

Figure 3.2: Two-dimensional flow in the xplane, arc length d7= (dx dj) along a
streamline is everywhere tangent to the local instantaneous velocity vector V= (u, V.

3
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where dr is the magnitude of d7 and V is the speed, the magnitude of V. Equation
3-1 is illustrated in two dimensions for simplicity in Fig. 3-2. For a known
velocity field, we can integrate Eq. 3—-1to obtain equations for the streamlines. In

two dimensions, (X, y), (u, v), the following differential equation is obtained:

v

. . d
Streamline in the xy-plane: (ﬁ)along a Streamline = -

(3-2)

In some simple cases, Eq. 3-2 may be solvable analytically; in the general case, it
must be solved numerically. In either case, an arbitrary constant of integration
appears, and the family of curves that satisfy Eq. 3-2 represents streamlines of the
flow field.

EXAMPLE 4-4 Streamlines in the xy-Plane—An Analytical
Solution

For the steady, incompressible, two-dimensional velocity field of Example
4-1, plot several streamlines in the right half of the flow (x > 0) and com-
pare to the velocity vectors plotted in Fig. 4-4.

SOLUTION An analytical expression for streamlines is to be generated and
plotted in the upper-right quadrant.

Assumptions 1 The flow is steady and incompressible. 2 The flow is two-
dimensional, implying no z-component of velocity and no variation of v or v
with z.

Analysis Equation 4-16 is applicable here; thus, along a streamline,

Q . 1.5 — 0.8y
dx 0.5+ 0.8x
We solve this differential equation by separation of variables:
dy = dx = J dy = J dx
15—-08y 0.5+ 0.8x 1.5 - 0.8y 0.5 + 0.8x

After some algebra (which we leave to the reader), we solve for y as a
tion of x along a streamline,

C
= + 1.875 '
0.8(0.5 + 0.8x) X
where C is a constant of integration that can be set to various values in order

to plot the streamlines. Several streamlines of the given flow field are shown
in Fig. 4-17.

y
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1.3 Pathlines

A pathline is the actual path traveled by an individual fluid particle over some time
period.

Pathlines are the easiest of the flow patterns to understand. A pathline is a
Lagrangian concept in that we simply follow the path of an individual fluid particle
as it moves around in the flow field (Fig. 3-3). Thus, a pathline is the same as the
fluid particle’s material position vector (Xparticie(t), yparticie(t), Zpariicie(t)), traced out
over some finite time interval. In a physical experiment, you can imagine a tracer
fluid particle that is marked somehow—either by color or brightness—such that it
Is easily distinguishable from surrounding fluid particles. Now imagine a camera
with the shutter open for a certain time period, tg. > t >teng, in Which the particle’s
path is recorded; the resulting curve is called a pathline. An intriguing example is
shown in Fig. 3-3 for the case of waves moving along the surface of water in a
tank. Neutrally buoyant white tracer particles are suspended in the water, and a
time-exposure photograph is taken for one complete wave period. The result is
pathlines that are elliptical in shape, showing that fluid particles bob up and down
and forward and backward, but return to their original position upon completion of
one wave period; there is no net forward motion. You may have experienced

something similar while bobbing up and down on ocean waves.
Fluid particle at t = tgaq

Pathline 4

RN
'o e ¢

Fluid particle at t = tgq

Fluid particle at some
intermediate time

Figure 3.3: A pathline is formed by following the actual path of a fluid particle.
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Chapter Three

Mass, Bernoulli, and Energy Equations

1.1 INTRODUCTION
You are already familiar with numerous conservation laws such as the laws of
conservation of mass, conservation of energy, and conservation of momentum.
Historically, the conservation laws are first applied to a fixed quantity of matter
called a closed system or just a system, and then extended to regions in space
called control volumes. The conservation relations are also called balance
equations since any conserved quantity must balance during a process. We now
give a brief description of the conservation of mass, momentum, and energy

relations.

1.2 Conservation of Mass Principle
The conservation of mass principle for a control volume can be expressed as: The
net mass transfer to or from a control volume during a time interval At is equal to
the net change (increase or decrease) in the total mass within the control volume
during At. That is,

(Total mass entering) n (Total mass Ieaving) T ( Net change in mass )
. the CV during At the CV during At , within the CV during At

Or, my, —myy = Amgy  (KQ) (3.1)
It can also be expressed in rate form as,
Mip — Moy = dMey /dt (kg/s) (3.2)
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where m;,, and mm,,out are the total rates of mass flow into and out of the

control volume, and dmgy/dt is the rate of change of mass within the control
volume boundaries. Equations 3-1 and 3-2 are often referred to as the mass
balance and are applicable to any control volume undergoing any kind of process.

Consider a control volume of arbitrary shape, as shown in Figure 3—1. The mass of
a differential volume dV within the control volume is dm= pdV. The total mass

within the control volume at any instant in time t is determined by integration to be

Total mass within the CV: ol
/’, \
Mey = fCV’D dav (33) I, dV
|
Then the time rate of change of the : %
. " dm
amount of mass within the control i
volume can be expressed as ,' Control
I
Rate of change of mass within the CV: '\ volume (CV) //'
dmcy if dv (34) \\\~’f~\~—//
ac  atdovP '

Control surface (CS)
Figure 3.1: The differential control volume dVand
Using the definition of mass flow the differential control surface dAused in the
derivation of the conservation of mass relation.
rate as,

dmCV
dt

2 [ pdV =Xyt — Toyemn  or =Yt = Tou  (35)

There is considerable flexibility in the selection of a control volume when solving
a problem. Several control volume choices may be correct, but some are more
convenient to work with. A control volume should not introduce any unnecessary
complications. The proper choice of a control volume can make the solution of a
seemingly complicated problem rather easy. A simple rule in selecting a control
volume is to make the control surface normal to flow at all locations where it

crosses fluid flow, whenever possible.
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1.3 Mass Balance for Steady-Flow Processes

During a steady-flow process, the total amount of mass contained within a control
volume does not change with time (mc\= constant). Then the conservation of mass
principle requires that the total amount of mass entering a control volume equal the
total amount of mass leaving it. For a garden hose nozzle in steady operation, for
example, the amount of water entering the nozzle per unit time is equal to the
amount of water leaving it per unit time. When dealing with steady-flow processes,
we are not interested in the amount of mass that flows in or out of a device over
time; instead, we are interested in the amount of mass flowing per unit time, that is,
the mass flow rate m. The conservation of mass principle for a general steady-flow
system with multiple inlets and outlets can be expressed in rate form as (Figure
3.2)

Steady flow: Y, m =Y ,,:m (Kg/s) (3.6)
It states that the total rate of mass entering a control volume is equal to the total

rate of mass leaving it.

m; = 2 kg/s m, = 3 kg/s
| 'L

|
| |
| |
| |
|
: CV |
| |
| |
| |
| |

My = My + My = 5 kg/s

Figure 3.2: Conservation of mass principle for a two-inlet-one-

outlet steady-flow system.
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Many engineering devices such as nozzles, diffusers, turbines, compressors, and
pumps involve a single stream (only one inlet and one outlet). For these cases, we
denote the inlet state by the subscript 1 and the outlet state by the subscript 2, and
drop the summation signs. Then Eqg. 3.6 reduces, for single-stream steady-flow
systems, to

Steady flow (single stream): m, =m, =  p;V;A; = p,V,A, (3.7)
Special Case: Incompressible Flow

The conservation of mass relations can be simplified even further when the fluid is
incompressible, which is usually the case for liquids. Canceling the density from
both sides of the general steady-flow relation gives

Steady, incompressible flow: Y,V = YoV (M/s) (3.8)
For single-stream steady-flow systems it becomes

Steady, incompressible flow (single stream): V, =V, = V,4, =V,A4, (3.9)
It should always be kept in mind that there is no such thing as a “conservation of
volume” principle. Therefore, the volume flow rates into and out of a steady-flow
device may be different. The volume flow rate at the outlet of an air compressor is
much less than that at the inlet even though the mass flow rate of air through the
compressor is constant (Figure 3.3). This is due to the higher density of air at the
compressor exit. For steady flow of liquids, however, the volume flow rates, as
well as the mass flow rates, remain constant since liquids are essentially
incompressible (constant-density) substances. Water flow through the nozzle of a

garden hose is an example of the latter case. ase
V,=0.8 m’s

‘

\I

Figure 3.3: During a steady-flow process, volume flow rates are not Air
necessarily conserved although mass flow rates are. COMPressor
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Example 3-1: A garden hose attached with a nozzle is used to fill a 10-gal bucket.

The inner diameter of the hose is 2 cm, and it reduces to 0.8 cm at the nozzle exit.
If it takes 50 s to fill the bucket with water, determine (a) the volume and mass
flow rates of water through the hose, and (b) the average velocity of water at the

nozzle exit.

SOLUTION A garden hose is used to fill a water bucket. The volume and
mass flow rates of water and the exit velocity are to be determined.
Assumptions 1 Water is an incompressible substance. 2 Flow through the
hose is steady. 3 There is no waste of water by splashing.

Properties We take the density of w|ater to be 1000 kg/m3® = 1 kg/L.
Analysis (a) Noting that 10 gal of water are discharged in 50 s, the volume
and mass flow rates of water are

10 gal (3.7854 L
50s 1 gal

m = pV = (1kg/L)(0.757 L/s) = 0.757 kg/s
(b) The cross-sectional area of the nozzle exit is
A, = 7r3 = 7(0.4 cm)? = 0.5027 cm? = 0.5027 X 10~ * m?

vV
At ) = 0.757 L/s

The volume flow rate through the hose and the nozzle is constant. Then the
average velocity of water at the nozzle exit becomes

y 3
Lo omTUs ()
A, 05027 X 10~ *m* \1000 L

Example 3-2: A 4-ft-high, 3-ft-diameter cylindrical water tank whose top is open
to the atmosphere is initially filled with water. Now the discharge plug near the
bottom of the tank is pulled out, and a water jet whose diameter is 0.5 in streams
out (Fig. 3.4). The average velocity of the jet is given by = \/ﬂ , Where h is the

height of water in the tank measured from the center of the hole (a variable) and g



Mass, Bernoulli, and Energy Equations Chapter: Three

Is the gravitational acceleration. Determine how long it will take for the water level
Air

in the tank to drop to 2 ft from the bottom.

Solution:

The conservation of mass relation for a control volume
process is given in the rate form as

dmey
dt

During this process no mass enters the control volume (m
mass flow rate of discharged water can be expressed as

Mow = (PVA)ow = pV/ 2ghAje (2

where Ay, = wD%/4 is the cross-sectional area of the jet, which is constant.
Noting that the density of water is constant, the mass of water in the tank at

any time is

rhin == thout =

Mey = pV = pAgnkh (3)

where A, = wD%,,/4 is the base area of the cylindrical tank. Substituting
Egs. 2 and 3 into the mass balance relation (Eq. 1) gives

\/2 (PAwnkh) e (mDZ&n/4) dh
—p AJet p dtank = —p Zgh(WDJzet/4) _ P tzn:

Canceling the densities and other common terms and separating the vari-
ables give

i — Dl _dh
Djzet \/ 2gh

Integrating from t = O at which h = h, to t = t at which h = h, gives

*mz_Dm pdh* =VR—Vm@my
"0 Df\V 2g Vh Vg/2 Djet
Substituting, the time of discharge is determined to be
\ / . R x - 2

4ﬂ—\/2ﬂ (3 1.2 m) = 757 s = 12.6 min
\V/32.2/2 fus? \ 0.51n

Therefore, half of the tank will be emptied in 12.6 min after the discharge
hole is unplugged.

t:
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1.4 The Bernoulli equation
The Bernoulli equation is an approximate relation between pressure, velocity, and
elevation, and is valid in regions of steady, incompressible flow where net
frictional forces are negligible (Fig. 3-4). Despite its simplicity, it has proven to be
a very powerful tool in fluid mechanics. In this section, we derive the Bernoulli
equation by applying the conservation of linear momentum principle, and we

demonstrate both its usefulness and its limitations.

Bernoulli equation valid

Bernoulli equation not valid

Figure 3.4: The Bernoulli equation is an approximate equation that is valid
only in inviscid regions of flow where net viscous forces are negligibly small
compared to inertial, gravitational, or pressure forces. Such regions occur

Z

3

Steady flow along a streamline

> X
Figure 3.5: The forces acting on a fluid particle along a streamline.

8
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Consider the motion of a fluid particle in a flow field in steady flow described in
detail. Applying Newton’s second law (which is referred to as the conservation of
linear momentum relation in fluid mechanics) in the s-direction on a particle
moving along a streamline gives,

Y. F, = mag (3.10)

In regions of flow where net frictional forces are negligible, the significant forces
acting in the s-direction are the pressure (acting on both sides) and the component
of the weight of the particle in the s-direction (Figure 3-5). Therefore, Equation 3-

10 becomes
PdA — (P + dP)dA — W sin 8 = va—‘s’ (3.11)

where 6 is the angle between the normal of the streamline and the vertical z-axis at
that point, m = pV = pdAds is the mass, W = mg = pgdAds is the weight of the fluid
particle, and sind = dz/ds. Substituting,

—dPdA — pgdA ds < = pdA dsV < (3.12)
Canceling dA from each term and simplifying,

—dP — pg dz = pVdV (3.13)
Noting that VdV = 0.5 d(V?) and dividing each term by p gives

%P+§d(vz) +gdz =0 (3.14)
Integrating
Steady flow: f%P + V?z + gz = constant (along a streamline) (3.15)

since the last two terms are exact differentials. In the case of incompressible flow,
the first term also becomes an exact differential, and its integration gives

Steady, incompressible flow: S + V; + gz = constant (3.16)

This is the famous Bernoulli equation, which is commonly used in fluid
mechanics for steady, incompressible flow along a streamline in inviscid regions of
9
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flow. The value of the constant can be evaluated at any point on the streamline
where the pressure, density, velocity, and elevation are known. The Bernoulli

equation can also be written between any two points on the same streamline as
- - . PV P,  V
Steady, incompressible flow: > t+9z = - +—+92 (3.17)

The Bernoulli equation is obtained from the conservation of momentum for a fluid
particle moving along a streamline. It can also be obtained from the first law of
thermodynamics applied to a steady-flow system.

The Bernoulli Equation According to Static, Dynamic, and Stagnation
Pressures

The Bernoulli equation states that the sum of the flow, kinetic, and potential
energies of a fluid particle along a streamline is constant. Therefore, the kinetic and
potential energies of the fluid can be converted to flow energy (and vice versa)
during flow, causing the pressure to change. This phenomenon can be made more

visible by multiplying the Bernoulli equation by the density p,

2
P+p V; + pgz = constant (along a streamline) (3.18)

Each term in this equation has pressure units, and thus each term represents some
kind of pressure:

v' P is the static pressure (it does not incorporate any dynamic effects); it
represents the actual thermodynamic pressure of the fluid. This is the same
as the pressure used in thermodynamics and property tables.

v’ pV?I2 is the dynamic pressure; it represents the pressure rise when the fluid
in motion is brought to a stop isentropically.

v' pgz is the hydrostatic pressure, which is not pressure in a real sense since its
value depends on the reference level selected; it accounts for the elevation

effects, i.e., of fluid weight on pressure.

10
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The sum of the static, dynamic, and hydrostatic pressures is called the total
pressure. Therefore, the Bernoulli equation states that the total pressure along a

streamline is constant.

The sum of the static and dynamic pressures is called the stagnation pressure, and
it is expressed as

Dynamic
| pressure
Plezometer Stagnation
_ pressure, PStag
. V?
Static P
2 Pitot
pressure, P -
tube

Stagnation
point

V= \/Z(Pstag_ P)
P

Figure 3.6: The static, dynamic, and stagnation pressures.

VZ
PStagnation =P + p 7 (kpa) (319)
The stagnation pressure represents the pressure at a point where the fluid is brought

to a complete stop isentropically. The static, dynamic, and stagnation pressures are

11
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shown in Figure 3.6. When static and stagnation pressures are measured at a

specified location, the fluid velocity at that location can be calculated from

V — Z(PStagn:)tion_ P) (m/S) (3.20)

Example 1:

Water is flowing from a hose attached to a water main at 400 kPa gage (Figure
3.7). A child places his thumb to cover most of the hose outlet, causing a thin jet of
high-speed water to emerge. If the hose is held upward, what is the maximum

height that the jet could achieve? @

Solution:
The water height will be maximum under the stated Il Water jet
assumptions. The velocity inside the hose is relatively low )

(V.= 0) and we take the hose outlet as the reference level (z,=
0). At the top of the water trajectory V,= 0, and atmospheric

pressure pertains. Then the Bernoulli equation simplifies to

&+V—%/ﬂo z/ﬂo=&+v—%/‘0+z 5 2 P,
Pg 29 ; P9 29 : P9 pg  ?
Solving for z, and substituting,
Z; = Pr—Pan _Proe 400 kPa (1000 N/m2><1 kg - m/sz)
P9 P9 (1000 kg/m?)(9.81 m/s?) \ 1kPa TN
— 40.8m Figure 3.7

12
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Example 2:
A large tank open to the atmosphere is filled with water to a height of 5 m from the
outlet tap (Figure 3.8). A tap near the bottom of the tank is now opened, and water

flows out from the smooth and rounded outlet. Determine the water velocity at the

outlet. i *-\\
Solution: ]
We take point 1 to be at the free surface of water so

that P, = Patm (open to the atmosphere), V; = 0 (the
tank is large relative to the outlet), and z; =5 m and z,

= 0 (we take the reference level at the center of the " Water :

outlet). Also, P, = Patm (water discharges into the

atmosphere). Then the Bernoulli equation simplifiesto ! )I[.. |
. L. 2

0 20 S
2 A 2 2 _
;K_*_\“ +Z1:%+V2+2/ — 21:& Figure 3.8
g 29 g 2g 29

Solving for V, and substituting,
V, = V2gz, = V/2(9.81 m/s3)(5 m) = 9.9 m/s

The relation V = V2gz is called the Toricelli equation.

Therefore, the water leaves the tank with an initial velocity of 9.9 m/s.
This is the same velocity that would manifest if a solid were dropped a dis-
tance of 5 m in the absence of air friction drag. (What would the velocity be
if the tap were at the bottom of the tank instead of on the side?)

Example 3:

During a trip to the beach (Patm = 1 atm = 101.3 kPa), a car runs out of gasoline,
and it becomes necessary to siphon gas out of the car of a Good Samaritan (Figure
3.9). The siphon is a small-diameter hose, and to start the siphon it is necessary to
insert one siphon end in the full gas tank, fill the hose with gasoline via suction,
and then place the other end in a gas can below the level of the gas tank. The

difference in pressure between point 1 (at the free surface of the gasoline in the

13
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tank) and point 2 (at the outlet of the tube) causes the liquid to flow from the

higher to the lower elevation. Point 2 is located 0.75 m below point 1 in this case,

and point 3 is located 2 m above point 1. The siphon diameter is 4 mm, and
frictional losses in the siphon are to be disregarded. Determine (a) the minimum
time to withdraw 4 L of gasoline from the tank to the can and (b) the pressure at

point 3. The density of gasoline is 750 kg/m®. '

Solution: Iy

(a) We take point 1 to be at the free surface of Gasoline
gasoline in the tank so that P, = Patm (open 5"5):“?“'”9
to the atmosphere), V; = 0 (the tank is large -
relative to the tube diameter), and z, = 0 | 2m
(point 2 is taken as the reference level).
Also, P, = Patm (gasoline =
230 e 0 |
P{ Vi~ P/ V3 V3 "
At =gt Ay g -2 4 N1 2
P9 29 P9 2 29 |
. , Ji )
Solving for V, and substituting, o 0.75m
_. , _ A=
V, = V2gz, = V2(9.81 m/s?)(0.75 m) = 3.84 m/s dj} @ 2
f 'f )
The cross-sectional area of the tube and the flow rate of gasoline are ( [ Gas can/
A=7mD4=m(5X10"°m)%/4 =196 X 107°m’ Figure 3.9

V =V,A = (3.84m/s)(1.96 X 10~ °m?) = 7.53 X 10 °* m%/s = 0.0753 L/s

Then the time needed to siphon 4 L of gasoline becomes

(b) The pressure at point 3 can be determined by writing the Bernoulli equa-
tion between points 2 and 3. Noting that V, = V3 (conservation of mass), z,
:O, and P2: Patmv

0
Po VA, P VA P Ps
P9 29 P9 ,35 P9 pg

Solving for P; and substituting,
P3 = Pam — pgz;

1N 1 kPa
= 101.3 kPa — (750 ka/m?)(9.81 m/s?)(2.75 ( )( )
L 2= GBI Tom) 1kg - m/s?/\1000 N/m?

= 81.1 kPa
14
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Example 4:
A piezometer and a Pitot tube are tapped into a horizontal water pipe, as shown in
Figure 3-10, to measure static and stagnation (static + dynamic) pressures. For the

indicated water column heights, determine the velocity at the c enter of the pipe.

Solution: "
We take points 1 and 2 along the centerline of !
the pipe, with point 1 directly under the Lol
piezometer and point 2 at the tip of the Pitot b
hp=7cm

tube. This is a steady flow with straight and

parallel streamlines, and the gage pressures at .. =3 CP ;
= J [R—— 1
points 1 and 2 can be expressed as @ @

Stggnal ion
P, = pg(h1 + hZ) point
Figure 3.10, Schematic for Example

P, = pg(h; [+ h; + hy)

Noting that point 2 is a stagnation point and thus V, = 0 and z; = z,, the application
of the Bernoulli equation between points 1 and 2 gives
P1+v’$ P, VS/O Vi P,— P,

—+ 7, =—+ + 7 —
pg 29" pg " 2g 2T g pg

Substituting the P, and P, expressions gives

\_/_]2_ _ P2 == P1 _ [)g(h] 5 hz + h3) == [)g(h1 S hZ) _
29 pg P9 >

Solving for V; and substituting,

V, = V2gh; = V2(9.81 m/s?)(0.12 m) = 1.53 m/s

15
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1.5 Mechanical energy and efficiency

The mechanical energy can be defined as the form of energy that can be converted
to mechanical work completely and directly by an ideal mechanical device such as
an ideal turbine. Kinetic and potential energies are the familiar forms of
mechanical energy. Thermal energy is not mechanical energy, however, since it
cannot be converted to work directly and completely (the second law of
thermodynamics).

A pump transfers mechanical energy to a fluid by raising its pressure, and a
turbine extracts mechanical energy from a fluid by dropping its pressure.
Therefore, the pressure of a flowing fluid is also associated with its mechanical
energy.

The steady-flow energy equation on a unit-mass basis can be written conveniently

as a mechanical energy balance as,

P, Vi P, V3
Wshaft, netin + s + > Ty = O + > + 9Z2 + Cmech, loss
Noting that Wepa, net in= Wshatt, in = Wehatt, out = Wpump = Wiurine, the mechanical energy
balance can be written more explicitly as,
Py V5 Py, V3
p—] + > + 02y + Wegrip = /)—2 + 5 + s+ Weibine T+ Sivach s
where Wyymp 1S the mechanical work input (due to the presence of a pump, fan,
compressor, etc.) and Wymine IS the mechanical work output. When the flow is
incompressible, either absolute or gage pressure can be used for P since Pym/p
would appear on both sides and would cancel out. emech, 10ss IS the total mechanical
power loss, which consists of pump and turbine losses as well as the frictional
losses in the piping network. Multiplying above Equation by the mass flow rate 7

gives: P, /2 \ , (P,
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By convention, irreversible pump and turbine losses are treated separately from
irreversible losses due to other components of the piping system. Thus the energy

equation can be expressed in its most common form in terms of heads as,

P \/ 2 2
/;19 29 1 pump, u p 9 Zq 2 turbine, e B
W W Noum W
where hoymp y = ——— = ——— = =% g the useful head deliv-
' g mg mg

ered to the fluid by the pump. Because of irreversible losses in the pump,

hpump,u Is less than Wpump/mg by the factor i Similarly,

Wturbine,e Wturbme,e Wt bi .
Niwrbine, e = = =P s the extracted head removed

g mg NturbineMY
from the fluid by the turbine. Because of irreversible losses in the turbine,
Nwrbine, ¢ 1S greater than W,ine/Mg by the factor e Finally,

€mech loss, piping Emech loss, piping
g mg

1 and 2 due to all components of the piping system other than the pump or turbine.

h, = Is the irreversible head loss between

Example 5:

The pump of a water distribution system is powered by a 15-kW electric motor
whose efficiency is 90 percent (Figure 3.11). The water flow rate through the
pump is 50 L/s. The diameters of the inlet and outlet pipes are the same, and the
elevation difference across the pump is negligible. If the pressures at the inlet and
outlet of the pump are measured to be 100 kPa and 300 kPa (absolute),
respectively, determine (a) the mechanical efficiency of the pump and (b) the
temperature rise of water as it flows through the pump due to the mechanical
inefficiency.

Solution:

17
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1 The flow is steady and incompressible. e
2 The pump is driven by an external motor so that the

heat generated by the motor is dissipated to the ...

atmosphere. T ¢

3 The elevation difference between the inlet and - Nmotor = 90%
outlet of the pump is negligible, z; = z,. [ € N Motor B
4 The inlet and outlet diameters are the same and thus K W A

the inlet and outlet velocities and kinetic energy 100kPa
correction factors are equal, V, = V5.

(a) The mass flow rate of water through the pump is Figure 3.11

m = pV = (1kg/L)(50 L/s) = 50 kg/s
The motor draws 15 kW of power and is 90 percent efficient. Thus the mechanical

(shaft) power it delivers to the pump is

Wpump shaft — TlmotorWelectric = (0-90)(15 kW) = 13.5 kW

To determine the mechanical efficiency of the pump, we need to know the increase

in the mechanical energy of the fluid as it flows through the pump, which is
: : : P V2 P, NG
AEmech, fid — Emechoolt — Emech, in = P — Tt a— 2 + gz, —m D —t a5 2 + gz,

Where a is the Kinetic energy correction factor.
Simplifying it for this case and substituting the given values,

AE _ m<P2 _ P1> — (50 k /s)((300 — 100 kPa)( 1kJ ) — 10 kW
mech fud = T\, ) = PR o000 kgm* N\ kPa - md)

Then the mechanical efficiency of the pump becomes

W, AE 10 KW
D= e s = = 0.741 or 74.1%

Wpump, shaft Wpump, shaft 13 5 kW

18
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(b) Of the 13.5-kW mechanical power supplied by the pump, only 10 kW is
imparted to the fluid as mechanical energy. The remaining 3.5 kW is converted to
thermal energy due to frictional effects, and this “lost” mechanical energy

manifests itself as a heating effect in the fluid,

E.mech, loss — Wpump, shaft — AE.mech, fig = 13.5 — 10 = 3.5 kKW

The temperature rise of water due to this mechanical inefficiency is determined

from the thermal energy balance,  Emech, loss = M(Up — Uy) = mCAT.

E mech, loss 3.5 kW 5
AT=""re (50 kg/s)(4.18 kJ/ kg - °C) g.0%7 &

Example 6:

In a hydroelectric power plant, 100 m®/s of water flows from an elevation of 120 m
to a turbine, where electric power is generated (Figure 3-12). The total irreversible
head loss in the piping system from point 1 to point 2 (excluding the turbine unit)
Is determined to be 35 m. If the overall efficiency of the turbine—generator is 80
percent, estimate the electric power output.
Solution The mass flow rate of water through the turbine is

m = pV = (1000 kg/m%) (100 m%/s) = 10° kg/s

We take point 2 as the reference level, and thus z, = 0. Also, both points 1
and 2 are open to the atmosphere (P, = P, = P,,,) and the flow velocities
are negligible at both points (V; = V, = 0). Then the energy equation for
steady, incompressible flow reduces to

P . A0 p 2 0
+ a4 s Z + hpump,u = + a3 + ZZ/1 + hturbine,e it hL =
g 2 g 2
Z; — h,

hturbine, e —

Substituting, the extracted turbine head and the corresponding turbine
power are

hturbine,e = 21 - hL = 120'— 35 = 85m

. | . 2 1 kJikg
Wturbine,e = mghturbine,e = (10 kg/S) (9.81 m/s )(85 m)

1000 m2/s2 mz/sz) = 83,400 kW
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Therefore, a perfect turbine—generator would generate 83,400 kW of electricity

from this resource. The electric power generated by the actual unit is

Welectric = nturbine—genwturbine, e (0'80) (83'4 MW) = 66.7 MW

Generator
Thurbine-gen = 80%

Figure 3.12
Example 7:
Water is pumped from a lower reservoir to a higher reservoir by a pump that
provides 20 kW of useful mechanical power to the water (Figure 3.13). The free
surface of the upper reservoir is 45 m higher than the surface of the lower
reservoir. If the flow rate of water is measured to be 0.03 m%s, determine the
irreversible head loss of the system and the lost mechanical power during this
process.
Solution:
The mass flow rate of water through the
system is

m = pV = (1000 kg/m?)(0.03 m¥/s) = 30 kg/s

Figure 3.13

Control -
20 surface
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We choose points 1 and 2 at the free surfaces of the lower and upper reservoirs,
respectively, and take the surface of the lower reservoir as the reference level (z; =
0). Both points are open to the atmosphere (P, = P, = P,m) and the velocities at
both locations are negligible (V1 = V, = 0). Then the energy equation for steady
incompressible flow for a control volume between 1 and 2 reduces to

P, VvirY 0
m(ﬁﬂtm% + gz; )+Wpump

P, v3/° e
=T —Z)— + (1'27 il az, e Wturbine + Emech, loss

Wpump - ngZ T E mech, loss - E mech, loss Wpump o ngz

Substituting, the lost mechanical power and head loss are determined to be

. - - ; 1N 1kW
E mech, s = 20 KW — (30 kg/s)(9.81 m/s?)(45 m) ( T /52) (1000 N - m/s)

= 6.76 KW
Noting that the entire mechanical losses are due to frictio{nal losses in piping

and thus E o.n joss = Emech, loss, piping: the irreversible head loss is determined
to be

E mech loss, piping 6.76 KW (1 kg 2 m/52> (1 000 N - m/s

e — 23.0
. Mg (30kg/s)(9.81m/s) \ 1N 1kW ) =

21
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Consider a container of height h filled with water, as shown in Figure 3-14, with
the reference level selected at the bottom surface. The gage pressure and the
potential energy per unit mass are, respectively, Pa= 0 and pea= gh at point A at
the free surface, and Pg= pgh and peg= 0 at point B at the bottom of the container.
An ideal hydraulic turbine would produce the same work per unit mass Wymine = gh
whether it receives water (or any other fluid with constant density) from the top or
from the bottom of the container. Note that we are also assuming ideal flow (no
irreversible losses) through the pipe leading from the tank to the turbine.
Therefore, the total mechanical energy of water at the bottom is equivalent to that
at the top.

P=0
helApe=gh v |

o )

m

Wmax - mgh Wmax B mgh

-
L

— e
0 B P=pgh
pe=0 m

Figure 3.14: The mechanical energy of water at the bottom of a container is equal to the
mechanical energy at any depth including the free surface of the container.

The transfer of mechanical energy is usually accomplished by a rotating shaft, and
thus mechanical work is often referred to as shaft work. A pump or a fan receives
shaft work (usually from an electric motor) and transfers it to the fluid as
mechanical energy (less frictional losses). A turbine, on the other hand, converts
the mechanical energy of a fluid to shaft work. In the absence of any

irreversibilities such as friction, mechanical energy can be converted entirely from

22
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one mechanical form to another, and the mechanical efficiency of a device or

process can be defined as,
Mechanical energy output  E mech, ou E mech, loss

Mechanical energy input  E jech in E i i

MNmech —

A conversion efficiency of less than 100 percent indicates that conversion is less
than perfect and some losses have occurred during conversion. A mechanical
efficiency of 97 percent indicates that 3 percent of the mechanical energy input is
converted to thermal energy as a result of frictional heating, and this will manifest
itself as a slight rise in the temperature of the fluid.

The degree of perfection of the conversion process between the mechanical work
supplied or extracted and the mechanical energy of the fluid is expressed by the
pump efficiency and turbine efficiency, defined as

Mechanical energy increase of the fluid  AE neeh ivia W pump.
,lll‘,i‘hw

Mechanical energy input l " W
where AEmech,fiuia= Emech.out - Emecn. in 1S the rate of increase in the mechanical energy
of the fluid, which is equivalent to the useful pumping power Wpmp, 4 supplied to
the fluid, and

\A/

Mechanical energy output W shaft. out Wiirbine

,/! irbin — . . - - o
e Mechanical energy decrease of the fluid  |AE, .. nugl Wi

where AEpech, fiiid = Emech, in - Emecn, out 1S the rate of decrease in the mechanical
energy of the fluid, which is equivalent to the mechanical power extracted from the
fluid by the turbine W turbine, e, and we use the absolute value sign to avoid
negative values for efficiencies. A pump or turbine efficiency of 100 percent
indicates perfect conversion between the shaft work and the mechanical energy of
the fluid, and this value can be approached (but never attained) as the frictional

effects are minimized.
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Example 8: The water in a large lake is to be used to generate electricity by the

installation of a hydraulic turbine—generator at a location where the depth of the
water is 50 m (Figure 3.15). Water is to be supplied at a rate of 5000 kg/s. If the
electric power generated is measured to be 1862 kW and the generator efficiency is
95 percent, determine (a) the overall efficiency of the turbine— generator, (b) the
mechanical efficiency of the turbine, and (c) the shaft power supplied by the
turbine to the generator.

Solution:

(2) We take the bottom of the lake as the

reference level for convenience. Then h=30m N A
Kinetic and potential energies of water are [ : kTurbme,
p g i J

zero, and the change in its mechanical h = 5000 kg/s
Figure 3.15: Schematic for Example 8.

A - i Tgenerator = 0.95
1862 kW

energy per unit mass becomes

P ( 1 kJ/kg

€mech, in — Cmech, out = ; ~ 0= gh = (9.81 m/SZ)(5O m) > = 0.491 kJ/kg

1000 m?/s?

Then the rate at which mechanical energy is supplied to the turbine by the
fluid and the overall efficiency become

IAEmech, fluid| = m(emech, in — ©mech, out) = (5000 kg/S) (0.491 kJ/kg) = 2455 kW

V\.lelect, out = 1862 kW
|AEmech, fluid| 2455 kW

= 0.76

Toverall = Mturbine-gen —

(b) Knowing the overall and generator efficiencies, the mechanical efficiency of

the turbine is determined from
Turbine-gen 0.76

7] generator - 0.95

(c) The shaft power output is determined from the definition of mechanical

= 0.80

Nturbine-gen — Tturbine M generator — turbine =

efficiency,
Wshaft, out — T)turbine|AEmech, fluidl = (080) (2455 kW) = 1964 kW
24
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1.6 The linear momentum equation

Newton’s second law for a system of mass m subjected to a net force F is

expressed as

Where mV is the linear momentum of the system. Noting that both the density and
velocity may change from point to point within the system, Newton’s second law

can be expressed more generally as
F=— V dv
z dt's S 4

where ém = p dv is the mass of a differential volume element dv, and is its
momentum. Therefore, Newton’s second law can be stated as the sum of all
external forces acting on a system is equal to the time rate of change of linear
momentum of the system. This statement is valid for a coordinate system that is at
rest or moves with a constant velocity, called an inertial coordinate system or
inertial reference frame. Accelerating systems such as aircraft during takeoff are

best analyzed using non-inertial (or accelerating) coordinate systems fixed to the
aircraft. Note that the above equation is a vector relation, and thus the quantities F

and V have direction as well as magnitude.
The general form of the linear momentum equation that applies to fixed, moving,

or deforming control volumes is obtained to be

The sum of all The time rate of change The net flow rate of
external forces | = | of the linear momentum | + | linear momentum out of the
actingona CV of the contents of the CV control surface by mass flow
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In General:

| .

v il 2 % [ / oV dV + } pV (V. - i) dA
CS

Note that the momentum equation is a vector equation, and thus each term should
be treated as a vector. Also, the components of this equation can be resolved along
orthogonal coordinates (such as x, y, and z in the Cartesian coordinate system) for
convenience.

The above equation is exact for fixed control volumes, it is not always convenient
when solving practical engineering problems because of the integrals. Instead, as
we did for conservation of mass, we would like to rewrite the above equation in
terms of average velocities and mass flow rates through inlets and outlets. In other
words, our desire is to rewrite the equation in algebraic rather than integral form.
In many practical applications, fluid crosses the boundaries of the control volume
at one or more inlets and one or more outlets, and carries with it some momentum
into or out of the control volume. For simplicity, we always draw our control
surface such that it slices normal to the inflow or outflow velocity at each such
inlet or outlet (Figure 3.16). The mass flow rate 7z into or out of the control volume

across an inlet or outlet at which p is nearly constant is

———

—
-—

mZ'Vavg,Z In |/ ? avg 3
\/ ~ -
Fixed N
7
/ contrpl \
[ volume |
. . . i /
Figure 3.16: In a typical engineering problem, ln/( >
the control volume may contain many inlets / -
and outlets; at each inlet or outlet we define the m,V o1 OUJ/]’ X
mass flow rate mand the average velocity V. v out
m
5 g My Vavg 4
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Mass flow rate across an inlet or outlet:

p(V - 1i) dA; = pVygA.

J Ac

m =

Then we could write the rate of inflow or outflow of momentum through the inlet
or outlet in simple algebraic form, Momentum flow rate across a uniform inlet or

outlet;

PV (V - ) dA; = pVayg AcVayg = MV
.AC

The uniform flow approximation is reasonable at some inlets and outlets, e.g., the
well-rounded entrance to a pipe, the flow at the entrance to a wind tunnel test
section, and a slice through a water jet moving at nearly uniform speed through air
(Figure 3-17).

1 CV t CV
1
I_._ '_,.
1 Vayg Nozzle b Vay
(I T
1
\ \
hY \
(a) (b) (c)

Figure 3.17: Examples of inlets or outlets in which the uniform flow approximation
Is reasonable: (a) the well-rounded entrance to a pipe, (b) the entrance to a wind
tunnel test section, and (c) a slice through a free water jet in air.

1.7 Momentum-Flux Correction Factor, g
Unfortunately, the velocity across most inlets and outlets of practical engineering
interest is not uniform. Nevertheless, it turns out that we can still convert the

control surface integral of Equation,
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oV dV+ | pV(V -7)dA

“CV “CS

into algebraic form, but a dimensionless correction factor b, called the
momentum-flux correction factor, is required, as first shown by the French
scientist Joseph Boussinesq (1842-1929). The algebraic form of the above

equation for a fixed control volume is then written as,

=
2F=g

pV dvV+ > ,Brﬁ\?m - > ,Bm\zwg
Jev out in

where a unique value of momentum-flux correction factor is applied to each inlet
and outlet in the control surface. Note that f= 1 for the case of uniform flow over

an inlet or outlet, as in Figure 3-17. ’ 1

\/ 2
: — | A
Momentum-flux correction factor: A. 5 Vavg ’

It turns out that for any velocity profile you can imagine, g is always greater than
or equal to unity.

Example 9:

Consider laminar flow through a very long straight section of round pipe. The
velocity profile through a cross-sectional area of the pipe is parabolic (Figure 3-
18), with the axial velocity component given by

r2
=203 )

where R is the radius of the inner wall of the pipe and V, is the average velocity.
Calculate the momentum-flux correction factor through a cross section of the pipe
for the case in which the pipe flow represents an outlet of the control volume, as
sketched in Figure 3-18.
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cv
Solution: ,‘ H}f»i —
We substitute the given velocity profile for V F\ ‘ : =Y '
in the above equation and integrate, noting ! ey S
that dAc= 2xrdr, __M-ﬂ,.___}__,__,.

Figure 3.18: Velocity profile over a cross section of a pipe
in which the flow is fully-developed and laminar.

1 Ve 4 JR( r2>2
= — | dA. = —= 1 —— ) 2@rdr
P ACL (vavg> © " 7R ) rR2) "

Defining a new integration variable y = 1 - r ¥R?and thus dy = -2r dr/R? (also, y =
1atr=0,and y= 0 at r= R) and performing the integration, the momentum-flux

correction factor for fully developed laminar flow becomes

0 y3 0 4
Laminar flow: 3 = —4 J y2 dy = _4[3} .
1 3

Notice: For turbulent flow B may have an insignificant effect at inlets and outlets,
but for laminar flow f may be important and should not be neglected. It is wise to

include f in all momentum control volume problems.
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1.8 Steady Flow

If the flow is also steady, the time derivative term in Equation:

z F_ = % ,{.)\_/) dV + E ,Gm\zwg o E ﬁmgﬂ‘v"}]

Jev out in

vanishes and we are left with,
Steady linear momentum equation: E F= E pmV — 2 pmV

out in

where we dropped the subscript “avg” from average velocity. Above Equation
states that the net force acting on the control volume during steady flow is equal to
the difference between the rates of outgoing and incoming momentum flows. This
statement is illustrated in Figure 3.19. It can also be expressed for any direction,

since above equation is a vector equation.

, - Oul
B, N l/ ..—-v Bsmys
X
2 Fixed h \

/ control
volume '

In

Z
BV /OUT/// _\\i \

/55n'.|5\7.;) Out b’;[ 1V4
YF=YpmV - ¥ pmV

out in

Figure 3.19: Velocity profile over a cross section of a pipe
in which the flow is fully-developed and laminar.

Steady Flow with One Inlet and One Outlet: Many practical problems involve just
one inlet and one outlet (Figure 3.20). The mass flow rate for such single-stream
systems remains constant, and above equation reduces to,

One inlet and one outlet:
E F = m ( 2V2 51 )
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Example 10:

A reducing elbow is used to deflect water flow at a rate of 14 kg/s in a horizontal
pipe upward 30° while accelerating it as shown in figure 3.20. The elbow
discharges water into the atmosphere. The cross-sectional area of the elbow is 113
cm2 at the inlet and 7 cm2 at the outlet. The elevation difference between the
centers of the outlet and the inlet is 30 cm. The weight of the elbow and the water
in it is considered to be negligible. Determine (a) the gage pressure at the center of
the inlet of the elbow and (b) the anchoring force needed to hold the elbow in

place. Take the momentum-flux correction factor to be p= 1.03.

Solution: .
(a) We take the elbow as the control Frz l— X P ,,,@lv'
volume and designate the inlet by (1) and :L'gT_______ﬁ-:---’":""/;_:_;-f"‘/; i
the outlet by (2). We also take the x- and @ 3—'2\7‘ —7 Z30 '
z-coordinates as shown. ;}Eﬁ’/; :

gage

Figure 3.20: Schematic for Example 10.

The continuity equation for this one-inlet, one-outlet, steady-flow system is m; =
m, = m = 14 kg/s. Noting that m= pAV, the inlet and outlet velocities of water are

v m 14 kg/s v
= = —= 1% m/s
' pA; (1000 kg/m*)(0.0113 m?)
m 14 kg/s
= = = 20.0 m/s
27 pA, (1000 kg/m3)(7 X 104 m?)
2 2
PV, P Ve, 2,
P9 29 Pg 29
Vi-—V?
P1 PZ = pg Zg =} ZZ Z1

P; — Pam = (1000 kg/m?)(9.81 m/s?)
i 2
" <(20 m/s)? — (1.24 m/s) S 0)( 1 kN )
2(9.81 m/s?) /\1000 kg - m/s®
P;, gage = 202.2 kKN/m* = 202.2 kPa  (gage)
31
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(b) The momentum equation for steady one-dimensional flow is

SF=3piv- 3 pmnv

out mn

We let the x- and z-components of the anchoring force of the elbow be Fgry and Fg,,
and assume them to be in the positive direction. We also use gage pressure since
the atmospheric pressure acts on the entire control surface. Then the momentum
equations along the x- and z-axes become

FRX + PT,gageA1 = BmVZ coS 6 — Bmv1
Fr, = BmV, sin @

Solving for Fg, and Fg,, and substituting the given values,

FRx = Bm(Vz CoS 6 — V‘l) - P1.gageA1

1
= 1.03(14 kg/s)[(20 30120 misll————
( g/s)[(20 cos ) m s](1 s /52)
— (202,200 N/m?)(0.0113 m?)
= 232 — 2285 = —2053 N
Fr, = BmV; sin & = (1.03)(14 kg/s)(20 sin 30° m/s)(w) =144 N

Example 11:

A reversing elbow such that the fluid makes a 180° U-turn before it is discharged,
as shown in Figure 3.21. The elevation difference between the centers of the inlet
and the exit sections is still 0.3 m. Determine the anchoring force needed to hold

the elbow in place. Take the momentum-flux correction factor to be = 1.03.

V5o=20 m/s

Figure 3.21: Schematic for Example 11.

V1= 1.204 m/s
P]_’ gage= 202200 Pa
A;= 0.0113 m?
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Solution:
The vertical component of the anchoring force at the connection of the elbow to
the pipe is zero in this case (Fr,= 0) since there is no other force or momentum flux
in the vertical direction.

Fre + P, gageA1 = BoM(—V5) — BmVy = —Bm(V; + V)
Solving for Fg, and substituting the known values,
Fee = —BmM(V, + V;) — P1,gageA1

= —(1.03)(14 kg/s)[(20 + 1.24) m/s](w> — (202,200 N/m?)(0.0113 m?)

= —306 — 2285 = —2591 N

Noting that the outlet velocity is negative since it is in the negative x-direction.
Therefore, the horizontal force on the flange is 2591 N acting in the negative x-
direction (the elbow is trying to separate from the pipe).

Example 12:

Water is accelerated by a nozzle to an average speed of 20 m/s, and strikes a
stationary vertical plate at a rate of 10 kg/s with a normal velocity of 20 m/s
(Figure 3.22). After the strike, the water stream splatters off in all directions in the
plane of the plate. Determine the force needed to prevent the plate from moving

horizontally due to the water stream. Take the momentum-flux correction factor to

be f=1. ,f"-v____l_l
- i —
Solution: : |
: |
The momentum equation for steady one- 7. | :
. . .. ~_ \' IIn N
dimensional flow is given as, TR — F
— — — D : |
SF=>pmv - pmv | |
out in I |
‘ |
z | ol

33 Figure 3.22: Schematic for Example 12.
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Writing it for this problem along the x-direction (without forgetting the negative
sign for forces and velocities in the negative x-direction) and noting that V 4 = V;
and V, , = 0 gives,

—Fr=0— ,Bm\_f1 Substituting the given values,

Frp = BV, = (1)(10 kg/s)(20 m/s)(w> = 200 N
Example 13:

A wind generator with a 30-ft-diameter blade span has a cut-in wind speed
(minimum speed for power generation) of 7 mph, at which velocity the turbine
generates 0.4 KW of electric power (Figure 3-23). Determine (a) the efficiency of
the wind turbine—generator unit and (b) the horizontal force exerted by the wind on
the supporting mast of the wind turbine. What is the effect of doubling the wind
velocity to 14 mph on power generation and the force exerted? Assume the
efficiency remains the same, and take the density of air to be 0.076 Ibm/ft>. Take
the momentum-flux correction factor to be = 1.

Solution: Streamline

= Patm
The power potential of the wind is ///’ - |

%

|
proportional to its kinetic energy, which Py o |
‘ s I
|
l

is V%2 per unit mass, and thus the |

maximum power is mV?/2 for a given  _ : mv,
mv;‘"— iy
mass flow rate: i I
@D @
- |
=5 l
~ FR |
~
s l
— X B

Figure 3.23: Schematic for Example 13.
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V, = (7 mph)(M) = 10.27 ft/s
1 mph
mD? 30 ft)?
m = p;V,A; = p1\ T - (0.076 Ibm/ft3)(10.27 ft/s) 00 = 551.7 Ibm/s
: : Vi
W,.x = mke; = m7

B (10.27ft/s)2< 1 Ibf )( 1kw )
= L s 32.2 Ibm - f/s2/\737.56 Ibf - ft/s

= 1.225 kKW

Therefore, the available power to the wind turbine is 1.225 kW at the wind velocity

of 7 mph. Then the turbine—generator efficiency becomes

W 0.4 kW

o W = 0.327
Tlwind turbine W 1.225 kKW

Noting that the mass flow rate remains constant, the exit velocity is determined to

be V3 V3§
mke, = mke; (1 — Nwindturbine) — m? = m? (T = Mwind trbine)

Vo = Vi V1 = Dyingwsne = (10.27 ft/s)\V/1 — 0.327 = 8.43 ft/s

The momentum equation for steady one-dimensional flow is given as

2 F = 2PV = 2BV = v, — MV, = (v, — Vi)

out in

Substituting the known values gives

. | 1 Ibf
Fr = m(V, — V;) = (551.7 Ibm/s)(8.43 — 10.27 ft/s) (32_2 e ft/sZ)
= —31.5 Ibf

Then the force exerted by the wind on the mast becomes F.: = - Fr = 31.5 Ibf.
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Module 6 : Lecture 1
DIMENSIONAL ANALYSIS
(Part-1)

Overview

Many practical flow problems of different nature can be solved by using equations
and analytical procedures, as discussed in the previous modules. However, solutions
of some real flow problems depend heavily on experimental data and the refinements
in the analysis are made, based on the measurements. Sometimes, the experimental
work in the laboratory is not only time-consuming, but also expensive. So, the
dimensional analysis is an important tool that helps in correlating analytical results
with experimental data for such unknown flow problems. Also, some dimensionless
parameters and scaling laws can be framed in order to predict the prototype behavior
from the measurements on the model. The important terms used in this module may
be defined as below;

Dimensional Analysis: The systematic procedure of identifying the variables in a

physical phenomena and correlating them to form a set of dimensionless group is
known as dimensional analysis.

Dimensional Homogeneity: If an equation truly expresses a proper relationship among

variables in a physical process, then it will be dimensionally homogeneous. The
equations are correct for any system of units and consequently each group of terms in
the equation must have the same dimensional representation. This is also known as
the law of dimensional homogeneity.

Dimensional variables: These are the quantities, which actually vary during a given

case and can be plotted against each other.

Dimensional constants: These are normally held constant during a given run. But,

they may vary from case to case.
Pure constants: They have no dimensions, but, while performing the mathematical

manipulation, they can arise.
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Let us explain these terms from the following examples:
- Displacement of a free falling body is given as, S =S, +Vt +%gt2, where, V, is the

initial velocity, g is the acceleration due to gravity, t is the time, S and S, are the
final and initial distances, respectively. Each term in this equation has the dimension

of length [L]and hence it is dimensionally homogeneous. Here, S andt are the

: : : : : 1 .
dimensional variables, g, S,and V, are the dimensional constants and > arises due

to mathematical manipulation and is the pure constant.

- Bernoulli’s equation for incompressible flow is written as, E+%V2 + gz =C. Here,
Yo

p is the pressure, V is the velocity, z is the distance, p is the density and g is the

acceleration due to gravity. In this case, the dimensional variables are p,V and z, the

. : 1. o
dimensional constants are g, o and C and 2 is the pure constant. Each term in this

equation including the constant has dimension of [LZT’ZJand hence it is

dimensionally homogeneous.

Buckingham pi Theorem

The dimensional analysis for the experimental data of unknown flow problems leads
to some non-dimensional parameters. These dimensionless products are frequently
referred as pi terms. Based on the concept of dimensional homogeneity, these
dimensionless parameters may be grouped and expressed in functional forms. This
idea was explored by the famous scientist Edgar Buckingham (1867-1940) and the
theorem is named accordingly.

Buckingham pi theorem, states that if an equation involving k variables is

dimensionally homogeneous, then it can be reduced to a relationship among (k — r)

independent dimensionless products, where r is the minimum number of reference
dimensions required to describe the variable. For a physical system, involving k

variables, the functional relation of variables can be written mathematically as,

y= (X X %) (6.1.1)
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In Eq. (6.1.1), it should be ensured that the dimensions of the variables on the left side
of the equation are equal to the dimensions of any term on the right side of equation.
Now, it is possible to rearrange the above equation into a set of dimensionless
products (pi terms), so that

M, = (T, My I, ) (6.1.2)
Here, ¢(I1,,I,.......... JIT1,_,) is a function of IT, through IT,_, . The required number

of pi terms is less than the number of original reference variables by r. These

reference dimensions are usually the basic dimensions M, L and T (Mass, Length

and Time).

Determination of pi Terms

Several methods can be used to form dimensionless products or pi terms that arise in
dimensional analysis. But, there is a systematic procedure called method of repeating
variables that allows in deciding the dimensionless and independent pi terms. For a
given problem, following distinct steps are followed.

Step I: List out all the variables that are involved in the problem. The ‘variable’ is any
quantity including dimensional and non-dimensional constants in a physical situation
under investigation. Typically, these variables are those that are necessary to describe
the “geometry” of the system (diameter, length etc.), to define fluid properties
(density, viscosity etc.) and to indicate the external effects influencing the system
(force, pressure etc.). All the variables must be independent in nature so as to
minimize the number of variables required to describe the complete system.

Step II: Express each variable in terms of basic dimensions. Typically, for fluid

mechanics problems, the basic dimensions will be either M, Land T or F, Land T .
Dimensionally, these two sets are related through Newton’s second law (F = m.a) o)

that F=MLT ™ e.g. p=ML"® or p=FL“T?. It should be noted that these basic

dimensions should not be mixed.
Step llI: Decide the required number of pi terms. It can be determined by using

Buckingham pi theorem which indicates that the number of pi terms is equal to

(k—r), where k is the number of variables in the problem (determined from Step 1)

and r is the number of reference dimensions required to describe these variables

(determined from Step II).
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Step 1V: Amongst the original list of variables, select those variables that can be
combined to form pi terms. These are called as repeating variables. The required
number of repeating variables is equal to the number of reference dimensions. Each
repeating variable must be dimensionally independent of the others, i.e. they cannot
be combined themselves to form any dimensionless product. Since there is a
possibility of repeating variables to appear in more than one pi term, so dependent
variables should not be chosen as one of the repeating variable.

Step V: Essentially, the pi terms are formed by multiplying one of the non-repeating

variables by the product of the repeating variables each raised to an exponent that will

make the combination dimensionless. It usually takes the form of x, x2 x> x; where
the exponents a, b and c are determined so that the combination is dimensionless.

Step VI: Repeat the ‘Step V'’ for each of the remaining non-repeating variables. The
resulting set of pi terms will correspond to the required number obtained from Step
Il.

Step VII: After obtaining the required number of pi terms, make sure that all the pi

terms are dimensionless. It can be checked by simply substituting the basic dimension

(M, L and T) of the variables into the pi terms.

Step VIII: Typically, the final form of relationship among the pi terms can be written

in the form of Eq. (6.1.2) where, I1, would contain the dependent variable in the

numerator. The actual functional relationship among pi terms is determined from

experiment.
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Illustration of Pi Theorem

Let us consider the following example to illustrate the procedure of determining the
various steps in the pi theorem.
Example (Pressure drop in a pipe flow)

Consider a steady flow of an incompressible Newtonian fluid through a long,
smooth walled, horizontal circular pipe. It is required to measure the pressure drop per
unit length of the pipe and find the number of non-dimensional parameters involved
in the problem. Also, it is desired to know the functional relation among these
dimensionless parameters.

Step I: Let us express all the pertinent variables involved in the experimentation

of pressure drop per unit length (Ap| ) of the pipe, in the following form;

Ap, = f(D,p, V) (6.1.3)
where, D is the pipe diameter, o is the fluid density, u is the viscosity of the fluid
and V is the mean velocity at which the fluid is flowing through the pipe.

Step 1I: Next step is to express all the variables in terms of basic dimensions i.e.
M, L and T . It then follows that

Ap,=ML?T?* D=L; p=ML?, u=ML'T ™, V=LT™ (6.1.4)
Step 111: Apply Buckingham theorem to decide the number of pi terms required. There
are five variables (including the dependent variable Ap,) and three reference
dimensions. Since, k=5 and r =3, only two pi terms are required for this problem.

Step IV: The repeating variables to form pi terms, need to be selected from the list
D, p, wand V . It is to be noted that the dependent variable should not be used as

one of the repeating variable. Since, there are three reference dimensions involved, so
we need to select three repeating variable. These repeating variables should be
dimensionally independent, i.e. dimensionless product cannot be formed from this set.

In this case, D, p and V may be chosen as the repeating variables.

Step V: Now, first pi term is formed between the dependent variable and the repeating

variables. It is written as,
I1, = Ap, D*V°p° (6.1.5)
Since, this combination need to be dimensionless, it follows that

ML2T2) (L) (LT ) (ML?) = MOLoT® (6.1.6)
( J(L)(LT) (ML)
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The exponents a, b and ¢ must be determined by equating the exponents for each of
theterms M, Land T i.e.

For M: 1+c=0
For L: —2+a+b—-3c=0 (6.1.7)
For T:-2-b=0

The solution of this algebraic equations gives a =1;b =—-2;c =—-1. Therefore,

_Ap, D
pV?

11, (6.1.8)

The process is repeated for remaining non-repeating variables with other additional

variable () so that,
I, = u.D'Ve.p' (6.1.9)
Since, this combination need to be dimensionless, it follows that
(ML) (L) (LT (l\/n:?’)f =M°LT® (6.1.10)
Equating the exponents,

ForM: 1+f =0
ForL: -1+d+e-3f =0 (6.1.11)
ForT:-1-e=0

The solution of this algebraic equation gives d =-1e=-1, f =—1. Therefore,

y7]
I, =—"—r 6.1.12
>~ \D ( )
Step VI: Now, the correct numbers of pi terms are formed as determined in “Step I11”.
In order to make sure about the dimensionality of pi terms, they are written as,
_ap D _ (MLT)(L)
CoAVE (ML) (LT
o (ML'TH)(L)
* pVD (ML) (LTH)(L)

— MOLOTO

(6.1.13)

— MOLOTO

Step VII: Finally, the result of dimensional analysis is expressed among the pi terms

as,

DAp| _ H _ i
pV2 _¢[pV Dj_¢(Rej (6.1.14)

It may be noted here that Reis the Reynolds number.
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Remarks

- If the difference in the number of variables for a given problem and number of
reference dimensions is equal to unity, then only one Pi term is required to describe
the phenomena. Here, the functional relationship for the one Pi term is a constant
quantity and it is determined from the experiment.

[T, = Constant (6.1.15)
- The problems involving two Pi terms can be described such that

I1, = ¢(I1,) (6.1.16)
Here, the functional relationship among the variables can then be determined by

varying I1, and measuring the corresponding values of I1, .
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Module 6 : Lecture 2
DIMENSIONAL ANALYSIS
(Part —I1)

Non Dimensional numbers in Fluid Dynamics
Forces encountered in flowing fluids include those due to inertia, viscosity, pressure,

gravity, surface tension and compressibility. These forces can be written as follows;
Inertia force: ma = pV (31_\: o pV 212
. du
Viscousforce: r A= u A & oc uV L
y

Pressure force: (Ap) A (Ap)L? (6.2.1)

Gravity force: mg c g p L®

Surface tension force: o L

Compressibility force: E, Aoc E, L
The notations used in Eq. (6.2.1) are given in subsequent paragraph of this section. It
may be noted that the ratio of any two forces will be dimensionless. Since, inertia
forces are very important in fluid mechanics problems, the ratio of the inertia force to
each of the other forces listed above leads to fundamental dimensionless groups.
Some of them are defined as given below;

Reynolds number (Re): It is defined as the ratio of inertia force to viscous force.

Mathematically,
VL VL
7 14

Re (6.2.2)

where V is the velocity of the flow, L is the characteristics length, o, and v are

the density, dynamic viscosity and kinematic viscosity of the fluid respectively. If
Re is very small, there is an indication that the viscous forces are dominant compared
to inertia forces. Such types of flows are commonly referred to as “creeping/viscous
flows”. Conversely, for large Re, viscous forces are small compared to inertial effects
and such flow problems are characterized as inviscid analysis. This number is also

used to study the transition between the laminar and turbulent flow regimes.
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Euler number (Eu) . In most of the aerodynamic model testing, the pressure data are

usually expressed mathematically as,

= 6.2.3
ST (6.2.3)
2

where Ap is the difference in local pressure and free stream pressure, V is the
velocity of the flow, p is the density of the fluid. The denominator in Eq. (6.2.3) is

called “dynamic pressure”. E, is the ratio of pressure force to inertia force and many

u
a times the pressure coefficient (cp) is a also common name which is defined by same
manner. In the study of cavitations phenomena, similar expressions are used where,
Ap is the difference in liquid stream pressure and liquid-vapour pressure. This
dimensional parameter is then called as “cavitation number”.

Froude number (Fr): It is interpreted as the ratio of inertia force to gravity force.

Mathematically, it is written as,

PV 624

r \/gT

where V is the velocity of the flow, L is the characteristics length descriptive of the
flow field and g is the acceleration due to gravity. This number is very much
significant for flows with free surface effects such as in case of open-channel flow. In
such types of flows, the characteristics length is the depth of water. F, less than unity

indicates sub-critical flow and values greater than unity indicate super-critical flow. It

is also used to study the flow of water around ships with resulting wave motion.

Weber number (W, ): It is defined as the ratio of the inertia force to surface tension

force. Mathematically,

(6.2.5)

where V is the velocity of the flow, L is the characteristics length descriptive of the

flow field, p is the density of the fluid and o is the surface tension force. This

number is taken as an index of droplet formation and flow of thin film liquids in
which there is an interface between two fluids. The inertia force is dominant

compared to surface tension force when, W, [1 1 (e.g. flow of water in a river).
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Mach number (M): It is the key parameter that characterizes the compressibility

effects in a fluid flow and is defined as the ratio of inertia force to compressibility

M=Y_V _ VvV
c [ [E
dp P

where V is the velocity of the flow, ¢ is the local sonic speed, p is the density of the

force. Mathematically,

(6.2.6)

fluid and E, is the bulk modulus. Sometimes, the square of the Mach number is

called “Cauchy number” (C,) i.e.

VI
2 E

\

(6.2.7)

Both the numbers are predominantly used in problems in which fluid compressibility
is important. When, M, is relatively small (say, less than 0.3), the inertial forces
induced by fluid motion are sufficiently small to cause significant change in fluid
density. So, the compressibility of the fluid can be neglected. However, this number is
most commonly used parameter in compressible fluid flow problems, particularly in
the field of gas dynamics and aerodynamics.

Strouhal number (St): It is a dimensionless parameter that is likely to be important in

unsteady, oscillating flow problems in which the frequency of oscillation is @ and is
defined as,

_ob
\

where V is the velocity of the flow and L is the characteristics length descriptive of

S, (6.2.8)

the flow field. This number is the measure of the ratio of the inertial forces due to
unsteadiness of the flow (local acceleration) to inertia forces due to changes in
velocity from point to point in the flow field (convective acceleration). This type of
unsteady flow develops when a fluid flows past a solid body placed in the moving

stream.
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In addition, there are few other dimensionless numbers that are of importance

in fluid mechanics. They are listed below;

Parameter Mathematical expression Qualitative definition Importance

c T
Prandtl number P = i) DISSIan_On Heat convection
k Conduction
2 - -
Eckert number E. = v Kinetic energy Dissipation
¢, Ty Enthalpy
c
Specific heat ratio y=-" Enthalpy Compressible flow
C, Internal energy

Wall roughness

Roughness ratio
Body length

AT)gLp?
Grashof number G =ﬂ( )9L’p" Buoyancy

Turbulent rough walls

Natural onvection

' % Viscosity
. T Wall temperature
Temperature ratio — P Heat transfer
T, Stream temperature
- - Static pressure .
Pressure coefficient C = P—P. P Hydrodynamics,

(1/2) pV? Dynamic pressure

Aerodynamics

Lift coefficient C, = L : Lift force
(V2)ApV Dynamic force
dynamics
Drag coefficient Cp = D Drag force

(1/2)ApV? Dynamic force

Aero dynamics

Hydrodynamics,Aero

Hydrodynamics,
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Modeling and Similitude

A “model” is a representation of a physical system which is used to predict the
behavior of the system in some desired respect. The physical system for which the
predictions are to be made is called “prototype”. Usually, a model is smaller than the
prototype so that laboratory experiments/studies can be conducted. It is less expensive
to construct and operate. However, in certain situations, models are larger than the
prototype e.g. study of the motion of blood cells whose sizes are of the order of
micrometers. “Similitude” is the indication of a known relationship between a model
and prototype. In other words, the model tests must yield data that can be scaled to

obtain the similar parameters for the prototype.

Theory of models: The dimensional analysis of a given problem can be described in

terms of a set of pi terms and these non-dimensional parameters can be expressed in

functional forms;

I, = ¢(11,,T15, e I1,) (6.2.9)
Since this equation applies to any system, governed by same variables and if the
behavior of a particular prototype is described by Eqg. (6.2.9), then a similar
relationship can be written for a model.

I, = ¢ (M, Iy, ) (6.2.10)
The form of the function remains the same as long as the same phenomenon is
involved in both the prototype and the model. Therefore, if the model is designed and
operated under following conditions,

I1,, =1I1,; I, =I1,........... and IT, =TI (6.2.11)

Then it follows that
I, =11 (6.2.12)
Eq. (6.2.12) is the desired “prediction equation” and indicates that the measured value
of IT,, obtained with the model will be equal to the corresponding I1, for the
prototype as long as the other pi terms are equal. These are called “model design

conditions / similarity requirements / modeling laws”.
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Flow Similarity
In order to achieve similarity between model and prototype behavior, all the

corresponding pi terms must be equated to satisfy the following conditions.

Geometric similarity: A model and prototype are geometric similar if and only if all

body dimensions in all three coordinates have the same linear-scale ratio. In order to
have geometric similarity between the model and prototype, the model and the
prototype should be of the same shape, all the linear dimensions of the model can be
related to corresponding dimensions of the prototype by a constant scale factor.
Usually, one or more of these pi terms will involve ratios of important lengths, which

are purely geometrical in nature.

Kinematic similarity: The motions of two systems are kinematically similar if

homogeneous particles lie at same points at same times. In a specific sense, the
velocities at corresponding points are in the same direction (i.e. same streamline

patterns) and are related in magnitude by a constant scale factor.

Dynamic similarity: When two flows have force distributions such that identical types

of forces are parallel and are related in magnitude by a constant scale factor at all
corresponding points, then the flows are dynamic similar. For a model and prototype,
the dynamic similarity exists, when both of them have same length-scale ratio, time-
scale ratio and force-scale (or mass-scale ratio).

In order to have complete similarity between the model and prototype, all the
similarity flow conditions must be maintained. This will automatically follow if all
the important variables are included in the dimensional analysis and if all the
similarity requirements based on the resulting pi terms are satisfied. For example, in
compressible flows, the model and prototype should have same Reynolds number,
Mach number and specific heat ratio etc. If the flow is incompressible (without free
surface), then same Reynolds numbers for model and prototype can satisfy the

complete similarity.
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Model scales

In a given problem, if there are two length variables |, and |,, the resulting

requirement based on the pi terms obtained from these variables is,

by _lon _ 5 (6.2.13)

This ratio is defined as the “length scale”. For true models, there will be only one
length scale and all lengths are fixed in accordance with this scale. There are other

‘model scales’ such as velocity scale [\\//—m: /lv) , density scale (& = /ij, viscosity
Yo

scale (ﬂ =1 ] etc. Each of these scales needs to be defined for a given problem.

P Z

Distorted models
In order to achieve the complete dynamic similarity between geometrically similar
flows, it is necessary to reproduce the independent dimensionless groups so that
dependent parameters can also be duplicated (e.g. same Reynolds number between a
model and prototype is ensured for dynamically similar flows).

In many model studies, dynamic similarity may also lead to incomplete similarity
between the model and the prototype. If one or more of the similarity requirements

are not met, e.g. in Eq. 6.2.9, if I1,, #I1,, then it follows that Eq. 6.2.12 will not be
satisfied i.e. IT, #I1,,,. It is a case of distorted model for which one or more of the

similar requirements are not satisfied. For example, in the study of free surface flows,

both Reynolds number ('O—VI] and Froude number [LJ are involved. Then,

u Joi
Froude number similarity requires,
Vo V.
NERRENE]

If the model and prototype are operated in the same gravitational field, then the

(6.2.14)

velocity scale becomes,

v, [,
V_\FI =JA4 (6.2.15)
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Reynolds number similarity requires,

PVl _pVl (6.2.16)
Hry H

Then, the velocity scale is,
\i:ﬂ_ﬁ_l_ (6.2.17)
Vioouopy
Since, the velocity scale must be equal to the square root of the length scale, it follows
that

vo (a2 (WY (1
v (ulp) _('J - o

Eqg. (6.2.18) requires that both model and prototype to have different kinematics
viscosity scale. But practically, it is almost impossible to find a suitable fluid for the
model, in small length scale. In such cases, the systems are designed on the basis of
Froude number with different Reynolds number for the model and prototype where
Eq. (6.2.18) need not be satisfied. Such analysis will result a “distorted model” and
there are no general rules for handling distorted models, rather each problem must be

considered on its own merits.
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Chapter Five
Flow i n pipes

51. LAMINAR AND TURBULENT FLOWS

The flow regime in the first case is said to be laminar, characterized by smooth
streamlines and highly ordered motion, and turbulent in the second case, where it
Is characterized by velocity fluctuations and highly disordered motion. The
transition from laminar to turbulent flow does not occur suddenly; rather, it occurs
over some region in which the flow fluctuates between laminar and turbulent flows
before it becomes fully turbulent. Most flows encountered in practice are turbulent.
Laminar flow is encountered when highly viscous fluids such as oils flow in small
pipes or narrow passages as shown in Figure 5.1.

We can verify the existence of these laminar, transitional, and turbulent flow
regimes by injecting some dye streaks into the flow in a glass pipe, as the British
engineer Osborne Reynolds (1842—-1912) did over a century ago. We observe that
the dye streak forms a straight and smooth line at low velocities when the flow is
laminar (we may see some blurring because of molecular diffusion), has bursts of
fluctuations in the transitional regime, and zigzags rapidly and randomly when
the flow becomes fully turbulent. These zigzags and the dispersion of the dye are
indicative of the fluctuations in the main flow and the rapid mixing of fluid

Dye filament

particles from adjacent layers. /

Needle //
Figure 5.1: Spinning Reynolds’ sketches of pipe- Tank / :
flow transition: (a) low-speed, laminar flow; (b) high- (a)
speed, turbulent flow; (c) spark photograph of \
condition (b). —
i
— (b)
L .
= =
(©)
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5.2.  Reynolds Number

After exhaustive experiments in the 1880s, Osborne Reynolds discovered that the
flow regime depends mainly on the ratio of inertial forces to viscous forces in the
fluid. This ratio is called the Reynolds number and is expressed for internal flow in

a circular pipe as,

Inertial forces Va\.ng B I'Vang

Re = — - =
Viscous forces v L

where V,,4= average flow velocity (m/s), D= characteristic length of the geometry
(diameter in this case, in m), and v= wp= kinematic viscosity of the fluid (m?s).
Note that the Reynolds number is a dimensionless quantity. Also, kinematic
viscosity has the unit m%s, and can be viewed as viscous diffusivity or diffusivity
for momentum.

The Reynolds number at which the flow becomes turbulent is called the critical
Reynolds number, Re. The value of the critical Reynolds number is different for
different geometries and flow conditions. For internal flow in a circular pipe, the
generally accepted value of the critical Reynolds number is Re,= 2300.

For flow through noncircular pipes, the Reynolds number is based on the hydraulic
diameter Dy, defined as (Figure 5.2),

Hydraulic diameter: - _ 4Ac

h D
where A. is the cross-sectional area of the pipe and p is its wetted perimeter. The
hydraulic diameter is defined such that it reduces to ordinary diameter D for

circular pipes, 4A, 4(mrD4)

Circular pipes: Dy, = D =D =D a {
4a2 2

Square duct: Dy = i
dab 2ab

Rectangular duct: Dp = 2@+b) a+b ¢
b
3

Figure 5.2
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Under most practical conditions, the flow in a circular pipe is laminar for Re <

2300, turbulent for Re > 4000, and transitional in between. That is,

Re = 2300 laminar flow
2300 = Re = 4000 transitional flow
Re = 4000 turbulent flow

5.3. LAMINAR FLOW IN PIPES

We mentioned in Section 5.2. that flow in pipes is laminar for Re < 2300, and that
the flow is fully developed if the pipe is sufficiently long (relative to the entry
length) so that the entrance effects are negligible.

In fully developed laminar flow, each fluid particle moves at a constant axial
velocity along a streamline and the velocity profile u(r) remains unchanged in the
flow direction. There is no motion in the radial direction, and thus the velocity
component in the direction normal to flow is everywhere zero. There is no
acceleration since the flow is steady and fully developed.

Now consider a ring-shaped differential volume Tr+dr

element of radius r, thickness dr, and length dx

oriented coaxially with the pipe, as shown in

Figure 5.3. The volume element involves only
pressure and viscous effects and thus the pressure

and shear forces must balance each other. The

pressure force acting on a submerged plane

surface is the product of the pressure at the

centroid of the surface and the surface area. A

force balance on the volume element in the flow

direction gives  Figure 5.3: Free-body diagram of a ring-shaped differential fluid element of radius
r, thickness dr, and length dx oriented coaxially with a horizontal pipe in fully
developed laminar flow. 4
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(2zrr dr P), — 2@rdr P), .4 + 2wrdx ), —

which indicates that in fully developed flow in
a horizontal pipe, the viscous and pressure
forces balance each other. Dividing by 2zndrdx

and rearranging,

Pevae = Px  (M)rogr — (7
rx+dx x_i_{‘)r dr { )r=0
dx dr
Taking the limit as dr, dx — 0 gives
dP d(r)
r—+ -
dx dr

Substituting 1= -p(du/dr) and taking p=

constant gives the desired equation,

nd( ) o
rdr\ dr/ dx

TRIP o |

(27rdX 7).y =0

2mR dx 7,
i —

| 7R2(P + dP)

i —

|
|
|
| - —
|
|
|

T A

|
=

X [
|

|

dx

-

Force balance:
7R2P - 7R2(P + dP) - 27R dx 7, = 0
Simplifying:
dP _ 2my
- R

R

The quantity du/dr is negative in pipe flow, and the negative sign is included to

obtain positive values for t. (Or, du/dr = - du/dy since y= R - r.) The left side of

above Equation is a function of r, and the right side is a function of x. The equality

must hold for any value of r and x, and an equality of the form f (r) = g(x) can be

satisfied only if both f (r) and g(x) are equal to the same constant. Thus we

conclude that dP/dx = constant. This can be verified by writing a force balance on

a volume element of radius R and thickness dx (a slice of the pipe), which gives

dP 27,

dx R
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Here 1,, is constant since the viscosity and the velocity profile are constants in the
fully developed region. Therefore, dP/dx= constant.
by rearranging and integrating it twice to give

1 (dP

u(r) = @(&) F G Inr +6

The velocity profile u(r) is obtained by applying the boundary conditions ou/or =0
at r = 0 (because of symmetry about the centerline) and u = 0 at r = R (the no-slip

condition at the pipe surface). We get

REAAPN [.. I
U(r)=—a a (1_E

Therefore, the velocity profile in fully developed laminar flow in a pipe is
parabolic with a maximum at the centerline and minimum (zero) at the pipe wall.
Also, the axial velocity u is positive for any r, and thus the axial pressure gradient

dP/dx must be negative (i.e., pressure must decrease in the flow direction because

(" R? (dP - R? (dP
= e} 0 e rdr=——d—
Jo 4\ dx R 8 \ dx

Combining the last two equations, the velocity profile is rewritten as

of viscous effects).

~R
—2
u(r)r dr = F

Vavg =

R?

0

/ r_?
u(r) = ZV(1 = —)
=t " T,

This is a convenient form for the velocity profile since V,,4 can be determined
easily from the flow rate information. The maximum velocity occurs at the
centerline and is determined from the velocity profile equation (equation above) by
substituting r = 0,

Umax = 2Vavg Therefore, the average velocity in fully developed laminar pipe flow
is one half of the maximum velocity.

6
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5.4. Pressure Drop and Head Loss
A gquantity of interest in the analysis of pipe flow is the pressure drop (P since it is
directly related to the power requirements of the fan or pump to maintain flow. We
note that dP/dx= constant, and integrating from x= x; where the pressure is P; to
Xx=X; + L where the pressure is P, gives

dP P, — P,

dx L
Substituting above equation into the V,,4 expression, the pressure drop can be

expressed as,

8ulLV 32ulLV
Laminar flow: AP =P, — P, = P-Vavg 2o Vavg

R? D?
In fluid flow, AP is used to designate pressure drop, and thus it is P; & P,. A

pressure drop due to viscous effects represents an irreversible pressure loss, and it
is called pressure loss AP, to emphasize that it is a loss (just like the head loss h,
which is proportional to it). Therefore, the drop of pressure from P, to P, in this
case is due entirely to viscous effects, and above equation represents the pressure
loss AP, when a fluid of viscosity m flows through a pipe of constant diameter D
and length L at average velocity V.

In practice, it is found convenient to express the pressure loss for all types of fully
developed internal flows (laminar or turbulent flows, circular or noncircular pipes,

smooth or rough surfaces, horizontal or inclined pipes).

A, = PVa } = '
Pressure loss: £ 2
) ) ] _'Vavg D
where pV* ,4/2 is the dynamic pressure | . .
) o 87y 1I 2
f is the Darcy friction factor, f = — e
pV avg Pressure loss: AP, = f —B—p—zi‘ﬂ

It is also called the Darcy—Weisbach friction factor,

f L ngg

AP
Head loss: h, =WL= 5729
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It should not be confused with the friction coefficient Cs [also called the Fanning
friction factor] which is defined as Cs = 2rW/(rV2an)= f /4.

Solving for f gives the friction factor for fully developed laminar flow in a circular
pipe,

Cireutar sins amiare B _ 64
Ircular pipe, laminar: = R s
PIP pDV,, Re

This equation shows that in laminar flow, the friction factor is a function of the

Reynolds number only and is independent of the roughness of the pipe surface.

AP L Vi,
P9 D 2g

Head loss: h, =

Once the pressure loss (or head loss) is known, the required pumping power to

overcome the pressure loss is determined from

wpumpL VAP, = Vpgh, = mgh,

where V is the volume flow rate and m is the mass flow rate.

Example:

Water properties (p= 62.42 Ibm/ft® and n=1.038x10" Ibm/ft .s) is flowing through
a 0.12 in (= 0.010 ft) diameter 30 ft long horizontal pipe steadily at an average
velocity of 3.0 ft/s (see Figure 5.4). Determine (a) the head loss, (b) the pressure
drop, and (c) the pumping power requirement to overcome this pressure drop.

Solution:
@ — 3.0ft/s |0.12in -

30 ft -
Flgure 5.4: Schematic for above Example.

(a) First we need to determine the flow regime. The Reynolds number is
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~ PVagD  (62.42 Ibm/ft)(3 ft/s)(0.01 ft) o
Iz 1.038 X 10~° Ibm/ft - s

Re

which is less than 2300. Therefore, the flow is laminar. Then the friction factor and

the head loss become

— e Tap3 00355
Ve 0ft (3 ftls)?
h =f= = 0.0355 =149 ft
“ D 2g 0.01 ft 2(32.2 ft/s?)

(b) Noting that the pipe is horizontal and its diameter is constant, the pressure drop
in the pipe is due entirely to the frictional losses and is equivalent to the pressure

loss,

L pVig 30 ft (62.42 Ibm/ft])(3 ft/s)2< 1 Ibf )

API= AP T~ ==003550 o 2 32.2 Ibm - fu/s?

= 929 |bf/ft? = 6.45 psi

(c) The volume flow rate and the pumping power requirements are
V = ViygAc = Vayg(wD%4) = (3 ft/s)[w(0.01 ft)%/4] = 0.000236 ft/s

1TW
0.737 Ibf - ft/s

Woump = V AP = (0.000236 ft*/s)(929 Ibf/ft?) ( ) =0.30 W

Example:

An oil with p= 900 kg/m® and v= 0.0002 m?/s flows upward through an inclined
pipe as shown in Figure below. The pressure and elevation are known at sections 1
and 2, 10 m apart. Assuming steady laminar flow, (a) verify that the flow is up, (b)
compute hs between 1 and 2, and compute (c) volume flow rate, (d) Velocity, and

(e) Reynolds number. Is the flow really laminar?
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Solution:
d=6cm

P, = 250,000 Pa

p, =350,000 Pa, z; =

For later use, calculate
= pv = (900 kg/m*)(0.0002 m?*/s) = 0.18 kg/(m - s)
7> = AL sin 40° = (10 m)(0.643) = 6.43 m

The flow goes in the direction of falling HGL: therefore compute the hydraulic grade-line height
at each section

Py 350,000
HGL, =7+ —=04+ ————=39.65
E T 900(9.807) 3
2
By — g5 P2 — a8 e 200000 i
-  pg 900(9.807)
The HGL is lower at section 2; hence the flow is from 1 to 2 as assumed. Ans. (a)

The head loss is the change in HGL:
hy=HGL, — HGL, = 39.65m — 3475 m =49 m Ans. (b)
Half the length of the pipe is quite a large head loss.

We can compute Q from the various laminar-flow formulas, notably Eq. (6.47)

10
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We can compute Q from the various laminar-flow formulas, notably Eq. (6.47)

mpgd hy _ 7(900)(9.807)(0.06)*(4.9)

0= : = 0.0076 m¥/s Ans. (c)
128 L 128(0.18)(10)
Divide Q by the pipe area to get the average velocity
__©Q _ 00076 _ ,
R 7(0.03) 2.7 m/s Ans. (d)
With V known, the Reynolds number is

Red:V—d=M= 810 Ans. (e)

v 0.0002

This is well below the transition value Re= 2300, and so we are fairly certain the
flow is laminar.

11



